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ABSTRACT 


The equation which should represent the arm of a spiral nebula on the basis of kinematical relativity, 
on a certain hypothesis, is deduced by a simple method and is shown to depend on the epoch /, reckoned 
from the natural zero of time. Its relation to various forms of the equation to the orbits of the indi- 
vidual members of the nebula is obtained. It is shown to represent to a close approximation the most 
general form of spiral arm to be expected. 


1. In a recent paper,' I gave an equation which should theoretically represent the 
arms of spiral nebulae on the basis of kinematic relativity and the associated theory of 
gravitation. The purpose of the present paper is to give a somewhat simplified deduction 
of the equation of a spiral arm and to point out more of its properties. 

2. Since rotation is the primary feature of motions in a nebula or in our own galaxy, 
it is natural to begin by considering a spiral nebula as a family of circular orbits described 
under the gravitational influence of the nucleus.? This phraseology refers to the ordinary 
dynamical or Newtonian mode of description, using 7-measure of time and the associated 
measure of distance. In the more fundamental ¢-measure of time, the circular Keplerian 
orbits become equiangular spirals, and an arm of a nebula is to be regarded as the 
locus of the present positions of a set of particles describing these orbits. We restrict at- 
tention in the first instance to the one-parameter family of orbits described by particles 
which have passed through a fixed point (in /-measure) near the nucleus of the nebula. 
A clear distinction is to be drawn between the equation of an orbit and the equation 
of an arm. 

3. The Keplerian circular orbits in one plane are given in 7-measure by the equations® 


(1) 


'M.N., 106, 180, 1946. 


* Cf. the work of S. Chandrasekhar, Principles of Stellar Dynamics (Chicago: University of Chicago 
Press, 1942), chap. iv, §§ 4.1 and 4.2 and more particularly Ap. J., 92, 441, 1940 (esp. pp. 588, 617-28). 
Chandrasekhar is, of course, using the classical theory of gravitation, in which y is a constant. It may 
be mentioned that Chandrasekhar has also emphasized the importance of the apparently permanent 
character of the spiral form. 


® The method of beginning with this equation is due to the referee of my paper in M.N., loc. cit. 
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and 
(2) 


Here (7, 90) is the position at time 70 of the particle describing the orbit; 7 is the cur- 
rent time-variable, 79 its present value, y is the “constant” of gravitation, and M is the 
mass of the nucleus; (7, @) are current polar co-ordinates. 

On kinematic relativity we are compelled to regard the “constant” of gravitation y as 
varying secularly with the epoch, and we must accordingly replace y by the sumbol ¥o, 
where 


(3) 


to being the present age of the universe in ¢-measure, reckoned from the natural origin of 
time, c the speed of light, and Mo the mass of the equivalent homogeneous universe. 

4. We now pass to the more fundamental ¢-measures, in terms of which the nebulae 
are mutually receding. We can take 79 to equal ¢o, and then the change of time-scale is 
given by 


t 
T — To= bo log —, (4) 
to 
and the associated change of distance-measure results in the equation 
t 
70-. (5) 
to 


The Keplerian circular orbit defined by equations (1) and (2) becomes 


1/2 
_ _ (Mt t 
=( = og (6) 
and 
(7) 
to 


These orbits will all have passed through the fixed point (7, 8) at various epochs 4, 
provided that 


/2 
B  =( 73 log 5 (8) 
and 
"Fo (9) 
to 


Eliminating 4, the present positions (7, 90) of the particles will satisfy the relation 


/2 
ro 
Accordingly, the (7, @) equation of the locus of the present positions of the particles is 
7s ) (1 ) 


which should therefore give the equation of an arm at epoch ¢o. It will be noticed that 
equation (11) contains ¢) both explicitly and as occurring in Yo. 
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5. Let us now find the equation of the arm at any epoch ¢ by means of the equations 
to the orbits. We do this by eliminating 6) and ry between equations (6), (7), and (10); 


we find 
og rlo rho t 
ap 
But 
yMe 


where 7, the value of the “constant” of gravitation at epoch ¢, is given by 


3 
(13) 
Hence the result of the elimination is 
2\ 1/2 
= log —. (14) 
1 


This is, therefore, the (7, 6) equation of the arm at epoch /. 

We now note the remarkable fact that, in the process of eliminating ro and 4, we have 
also eliminated ¢o. Equation (14) is, in fact, precisely the equation we should have ob- 
tained if we had replaced the constant fo in equation (11), wherever it occurs (explicitly 
or implicitly), by the variable ¢. Equation (14) is thus the polar equation of an arm at 
any time ¢, seen sub specie aeternitatis, to use Spinoza’s phrase. 

6. The relation of equation (11) to the (7, 6) equation of the orbits can be seen more 
clearly as follows: Use equation (10) to eliminate 4 from equation (6). We get 


1/2 
rot 
+( log rylo 


or, using equation (7), 


2. 1/2 
log (15) 
0 


This locus is the orbit which passes through a point at r = ro at the epoch éo. It may be 
contrasted with equation (11), the equation of the arm at epoch fo. In equation (15), 
ry is the parameter which characterizes the orbit under consideration. Both the loci (15) 
and (11) pass through the fixed point (n, 8). 

7. Equation (15) to the ro-orbit may be transformed into another instructive form by 
replacing the parameter 7» by the parameter /,, by means of equation (9). Since 


3 2 3 2 
rh 
equation (15) becomes 
1 


ur- 
the 
as | 
Y0, 
3) 
lae 
is 
4) | 
)) 
hy 
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This is an alternative form of the equation to the orbit, ¢; being now the parameter; 4, is, 
in fact, the epoch at which the particle passed through the fixed point (71, 8). The orbit 
(17) may be written parametrically in terms of ¢ in the form 


t 
a=8+( = ) log =, (18) 
and 
(19) 
ty 


8. It should be noted that we have passed freely from yo to y, and to 71. The variation 
of the “constant” of gravitation with the epoch is essential to the whole argument; Yo 
and y; are, of course, constants, but y is a variable. The physical meaning of the coefh- 
cient (yoMi2/r3)!/? is seen by writing it as 


M 


which shows that it is the square root of the pure number which is the ratio of the mean 
density of the matter inside ro to the mean density of the universe (i.e., the local mean 
density) at time ¢. It has been shown in the paper published in M.N. that the locus (11) 
describes vo convolutions in the sense of the orbital motion followed by vo convolutions 
in the reverse sense, where 

1/2 1 


The value of 37e being about 25.6, we see in a general way why vy is of the order of 2 or 3 
observationally; for (c##3M/r3M,)'/*, being the square root of the ratio of the mean den- 
sity of the matter inside r; to the mean local density of the smoothed-out universe, cannot 
be a very large number. 

9. It is easily verified from comparison of equations (11) and (15) that the number of 
orbital revolutions completed by a particle up to the present moment is equal to the net 
number of convolutions of the arm between 6 = Band the present position of the particle. 
Thus, as we pass from the inner parts of a spiral to the outer parts, the number of com- 
pleted orbital revolutions increases up to vo and then decreases again, ultimately ap- 
proaching zero. 

10. Let us try to generalize the foregoing analysis so as to cover more general initial 
conditions than passage at various times through a fixed point (n, 8). Suppose that, 
quite generally, the spiral arm at epoch ¢ has an equation in polar co-ordinates (7, @) of 


the form 
(r,t). (21) 


Then at epoch /o its form is 
69 =F (19, to). (22) 


Then F(ro, éo) must pass into F(r, 4) when we pursue the family of orbits (6) and (7). 
Hence, eliminating 90, ro by means of equation (6) and (7) and substituting from equa- 
tion (21) for 6, we must have 


2\ 1/2 
(1,0) —F log (23) 
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This is the functional equation which F(r, ¢) must satisfy. Put 


2\ 1/2 


where r; is some constant. We find, on using equation (12), that equation (23) reduces to 
vir) (22,0). (25) 


(xt, t) =P (xbo, bo). 
Hence (xt, ¢) is independent of ¢ and thus depends only on x. Hence we may put 


(xt, t) (x) 


Put r/t = x. Then 


or ¥ 
=0(4). 
Thus the most general form of the equation of an arm of an extragalactic nebula at 
epoch ¢ is 
(2)4(% 
o-v(7)+( r3 log 


11. We now inquire what this implies as to the initial conditions satisfied by the 
orbits of the particles. From equation (22) the present position of the arm is given by 


2. 1/2 


Inserting this value of 6) in equation (6), we find that the azimuth @ at time ¢ of the orbit 
which passed through (ro, 90) at time fo is given by 


or, using equation (7), 


(*)+ tog (28) 


Thus the orbit which passed through (ro, 40) at time ¢o intersected the circle r = 7; at 


the azimuth 4,, given by 
a=v(2). (29) 
lo 


12. The question arises as to whether anything more can be asserted on general 
grounds about this distribution in azimuth. We note, first, that ¥(r, ¢), being an angle, 
must be of dimensions zero and, further, that it must be a function of arguments whose 
dimensions are zero. Since the constants at our disposal in fixing y are c and 7, we can 
choose for arguments of y any two dimensionless combinations of r and ¢ with c and n, 
in place of r and ¢ themselves. Thus let us write 


¥ (r,t) =9(<, 
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Put, temporarily, r/ct = « and r/r; = y. Then‘ y(rto/t, to) is obtained by giving ¢ the 
arguments 
rtp 1 1 


th and Th 
ie., x and xcto/r;. Thus the functional equation for y, namely, equation (25), reduces to 
£C 
$(x,¥) = 
whence ¢(x, y) is independent of its argument y. Hence y reduces to (r/ct). Thus (29) 


reduces to 
(4). 


Now 710 X clo, the ratio ro/cto being the ratio of the radius of the nebula to the radius 
of the universe. Hence 


(2 (0) = constant = B, 


say. Hence equation (27), defining the present position of the spiral arm, reduces ap- 
proximately to 


2. 1/2 
yoM to ro 
3 ) log 


1 


8+( 


which is precisely equation (10). Thus, in spite of the fact that the distribution of initial 
azimuths over the circle r = 7; is represented by an arbitrary function y, in practice we 
must expect the region of emission of the particles to be concentrated in a very small 
range of azimuth in the vicinity of some fixed azimuth 8. This conclusion, arrived at by 
the methods of kinematical relativity, is in agreement with conclusions of Jeans and 
Lindblad which were reached by very different arguments. 


4 The details here were suggested to the auther by Dr. G. J. Whitrow at a colloquium. 
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ABSTRACT 


In this paper H-functions which govern the law of diffuse reflection by a semi-infinite plane-parallel 
atmosphere scattering radiation isotropically with an albedo @» < 1 are tabulated. The functions were 
determined numerically by solving the exact functional equations which they satisfy. 

The values of the albedo for which solutions are tabulated are: @» = 1, 0.975, 0. 050, 0.925, 0.9, 0.8, 


0.7, 0.6, 0.5, 0.4, 0.3, 0.2, and 0.1. 


In continuation of Paper XVI,! in which we began the tabulation of exact solutions of 
transfer problems, we provide in this paper 1-functions which govern the law of diffuse 
reflection by a semi-infinite isotropically scattering atmosphere for various values of the 
albedo, ® < 1. 

DIFFUSE REFLECTION UNDER CONDITIONS OF ISOTROPIC 
SCATTERING WITH AN ALBEDO, @ < 1 


The law of diffuse reflection from a semi-infinite plane-parallel atmos phere.— 


IT = H (u) H (uo) 


The characteristic function in terms of which H (yu) is defined is 
W (u) = =constant . 
TABLE 1 


THE H-FUNCTIONS OBTAINED AS SOLUTIONS OF THE EXACT FUNCTIONAL 
EQUATIONS WHICH THEY SATISFY 


@o=0.1 0 = 0.2 @o =0.3 @o=0.4 @o=0.5 @o=0.6 @o=0.7 
“a: 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 
or 1.00783 | 1.01608 | 1.02484 | 1.03422 | 1.04439 | 1.05544 | 1.06780 
6.10....5: 1.01238 | 1.02562 | 1.03989 | 1.05535 | 1.07241 | 1.09137 | 1.11306 
eae 1.01584 | 1.03295 | 1.05155 | 1.07196 | 1.09474 | 1.12045 | 1.15036 
oe... os 1.01864 | 1.03892 | 1.00115 | 1.08577 | 1.11349 | 1.14517 | 1.18253 
a 1.02099 | 1.04396 | 1.06930 | 1.09758 | 1.12968 | 1.16674 | 1.21095 
“eae 1.02300 | 1.04829 | 1.07637 | 1.10789 | 1.14391 | 1.18587 | 1.23643 
Se 1.02475 | 1.05209 | 1.08259 | 1.11700 | 1.15659 | 1.20304 | 1.25951 
0.40... ... 1.02630 | 1.05546 | 1.08811 | 1.12516 | 1.16800 | 1.21861 | 1.28063 
.“...... 1.02768 | 1.05847 | 1.09308 | 1.13251 | 1.17833 | 1.23280 | 1.30003 
0.50... 1.02892 | 1.00117 | 1.09756 | 1.13918 | 1.18776 | 1.24581 | 1.31796 
OM:..... 1.03004 | 1.06363 | 1.10164 | 1.14528 | 1.19640 | 1.25781 | 1.33459 
“° eae 1.03106 | 1.06587 | 1.10538 | 1.15087 | 1.20436 | 1.26893 | 1.35009 
OM...... 1.03199 | 1.06793 | 1.10881 | 1.15602 | 1.21173 | 1.27925 | 1.36457 
on... 1.03284 | 1.06982 | 1.11198 | 1.16080 | 1.21858 | 1.28888 | 1.37815 
“EBay 1.03363 | 1.07157 | 1.11491 | 1.16523 | 1.22495 | 1.29788 | 1.39090 
0.80...... 1.03436 | 1.07319 | 1.11763 | 1.16935 | 1.23001 | 1.30631 | 1.40291 
-....: 1.03504 | 1.07469 | 1.12017 | 1.17320 | 1.23648 | 1.31424 | 1.41425 
0.90...... 1.03567 | 1.07610 | 1.12254 | 1.17681 | 1.24171 | 1.32171 | 1.42497 
0.95...... 1.03626 | 1.07741 | 1.12476 | 1.18019 | 1.24664 | 1.32875 | 1.43512 
bee... 1.03682 | 1.07864 | 1.12685 | 1.18337 | 1.25128 | 1.33541 | 1.44476 
1 Ap. J., 105, 435, 1947. 
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TABLE 1—Continued 


@o =0.8 @o=0.9 Bo =0.925 @o=0.95 | @o =0.975 @o=1.0 
Pee 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.082C 1.0999 1.1053 1.1196 1.1368 
1) oes 1.1388 1.1722 1.1828 1.1952 1.2111 1.2474 
ee 1.1866 1.2349 1.2506 1.2693 1.2936 1.3508 
1.2286 1.2914 1.3123 1.3373 1.3703 1.4503 
Le eee 1.2663 1.3433 1.3692 1.4008 1.4427 1.5473 
ee 1.3006 1.3914 1.4224 1.4604 1.5117 1.6425 
1.3320 1.4363 1.4724 1.5170 1.5778 1.7364 
eee 1.3611 1.4785 1.5197 1.5709 1.6414 1.8293 
Lo eae 1.3881 1.5183 1.5646 1.6224 1.7027 1.9213 
1.4132 1.5560 1.6073 1.6718 1.7621 2.0128 
1.4368 1.5918 1.6480 1.7191 1.8195 2.1037 
1.4590 1.6259 1.6869 1.7647 | 1.8753 2.1941 
ee 1.4798 1.6583 1.7242 1.8086 | 1.9295 2.2842 
1.4995 1.6893 1.7600 | 1.8509 | 1.9822 2.3740 
1.5182 1.7190 1.7943 | 1.8918 | 2.0334 2.4635 
1.5358 1.7474 1.8274 | %:9313 -| 2.0833 2.5537 
1.5526 1.7746 1.8592 | 1.9695 | 2.1320 2.6417 
1.5685 1.8008 1088908. | 250065 | (2.1795 2.7306 
235837 28259 1.9194 | 2.0423 | 2.2258 2.8193 
ara 1.5982 1.8501 1.9479 2.0771 2.2710 2.9078 


In Paper XVI (§ 2) we outlined a procedure by which the functional equations satis- 
fied by the H-functions can be solved numerically. The same methods were adopted in 
the computations of the present paper, though with increased experience we were able 


TABLE 2 
COMPARISON OF THE INTEGRALS Jf pA (udu EVALUATED WITH THE AID OF THE 
TABULATED FUNCTIONS WITH THEIR EXACT VALUES 2(1 — (1 — @o)!/?]/@o 


| 
Bo Iterated | Exact | Bo Iterated Exact 
1.1270167 || 0:950: ..-...... 1.6344 1.634512 
1.29219 1. 2922213 


to reduce appreciably the number of iterations and integrations which were required 
before a further iteration did not alter the function. 

An idea of the accuracy reached in our present calculations can be obtained from 
Table 2, where we have made a comparison between the values of the integral 


1 
fu (wu) du, 


evaluated numerically with the aid of the tabulated functions, and the exact values 
given by the formula 
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ABSTRACT 


In this paper the exact solution for a standard problem in the theory of line formation in stellar atmos- 
pheres is obtained. The problem allows for the combined effects of monochromatic line scattering and 
general continuous absorption but assumes that the ratio of the line (ov) to the continuous (x) absorption 
coefficient is constant through the atmosphere and that the Planck intensity, B,, is a linear function of 


the optical thickness in (ov + x,). 
The exact solution involves the H-functions already tabulated in Paper XIX and their first and 


second moments. A table of the latter is provided in this paper. 

1. [ntroduction.—As is well known, an important case in the theory of line formation 
in stellar atmospheres arises when the combined effects of monochromatic line scattering 
and general continuous absorption are considered. The equation of transfer appropriate 
to these conditions is 


2 (1 I, du XB, , (1) 


where B, is the Planck intensity at the prevailing temperature, ¢, is the optical thickness 
in the combined line (¢,) and continuous (x,) absorption coefficients, and 


(2) 


ky 


An assumption which appears not unreasonable in the context of line formation is 
that B, is a linear function of the optical thickness, 7,, in the continuum. In other words, 
we may write 


(10) (10) 


B,=B, +8, 7, (3) 


where B!) and BS" are certain appropriately chosen constants. (It may be remarked here 
that in BS” and B!” we may replace v by the frequency at the center of the line, vo, with- 
out introducing any sensible error; this cannot, of course, be done for J, and X,.) If 
we now further suppose (and this is not always an equally justifiable assumption) that 
o,/k, is constant through the atmosphere,!' then 


(0) (1) 
B,=B, +B, ob. (4) 
With B, given by equation (4), the equation of transfer becomes 


where, for the sake of convenience, we have suppressed the subscript v to the various 
quantities. 


' For a theory along the lines of this series of papers, in which this assumption is not made, see M. 
Tuberg, Ap. J., 103, 145, 1946. The basic ileas in this context are, however, due to B. Strémgren, 
Ap. J., 86, 1, 1937. 
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Equation (5) has generally been regarded as one of the fundamental equations in the 
theory of stellar atmospheres. 

The solution of equation (5) in the method of approximation of the earlier papers of 
this series was given in Paper II (§ 7),? and numerical results relating to the solution 
in the second and third approximations will be found in Papers IV and VI.* However, 
in this paper we shall show how the ideas developed in Paper XIV‘ enable us to pass to 
the limit of infinite approximation and obtain the exact solution for this problem in the 
theory of line formation. 

2. The solution for the emergent intensity in closed form in the nth approximation.—The 
solution of equation (5) in the xth approximation can be written in the following form 


(Paper IT, eq. [90]): 


(0) 
where the .’s (a = 1,...., ”) are the positive roots of the characteristic equation 
the L.’s (a = 1,....,) are the » constants of integration; and the rest of the symbols 


have their usual meanings. 
Now in transfer problems in semi-infinite plane-parallel atmospheres the boundary 


conditions which determine the constants of integration and the equation which gives 
the intensity distribution of the emergent radiation can both be expressed in terms of 
the same function. Thus, in the present case, the boundary conditions and the emergent 
intensity 7(0, u) can be expressed in the following forms: 


S (ui) =0, ,...+,%) (8) 
and 
I (0, = (— (9) 
where 
PE 
S(u) = (10) 


In view of the boundary conditions (eq. [8]) we can write 


P(w) 


where ¢ is a constant and P(u) and R(x) have their standard meanings. 
Moreover, according to equations (10) and (11) 


P(1/k. G - c) 
= n+1 = 
.. kn he) (gel,....,@). (23 
For the roots of the characteristic equation (7), it can be readily shown that 


2Ap. J., 100, 76, 1944. 8 [bid., p. 355, and 101, 320, 1945. ‘ [bid., 105, 164, 1947. 
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Equation (11) therefore becomes 
S(u) = (14) 


To determine the constant c, we proceed as follows: 
First, putting u = 0 in equations (10) and (11), we have 


“ (0) 
cM. (15) 


We next evaluate YZ, in accordance with equation (12). Thus 


P (1/ka) 
n+1 
( 1) Ra (1) Ra (1/ ka) | (16) 


where 
f(x) = (17) 
Defined in this manner, f(x) is a polynomial of degree (7 — 1) in x, which takes the values 
©) (18) 
for x = 1/ka (a = 1,...., m). There must, accordingly, exist a relation of the form 
f(x) = (x— (x) +R(x)(Axt+C), (19) 


where 4 and C are certain constants; and the constants can be determined from the con- 
dition that the coefficients of «"*! and x” must vanish on the right-hand side. We thus 
find that 


and C= Site). (20) 


a=l 


Hence 


f(0) = met (> w- c), (21) 


and (cf. eqs. [13] and [16]) 


a=1 


Inserting this value of 2Z. in equation (15), we obtain 


—~ 1 = 
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Finally, substituting for c from equation (23) in equation (14), we have 


B®) n 1 n 
Equation (9) governing the intensity distribution of the emergent radiation now becomes 
= BO H (w) (ut dw). (25) 


This is the required solution in closed form. 

3. Passage to the limit of infinite approximation.—According to theorem 2 of Paper XIV 
(§ 11), any H-function defined in the usual manner in terms of the points of the Gaussian 
division and the roots of a characteristic equation becomes in the limit of infinite ap- 
proximation the solution of a functional equation of the standard form, 


1 
=1+ (u) f (ul) da’, (26) 


considered in Paper XIV (Sec. III). Consequently, from equation (25) we conclude that 
the exact solution for the emergent intensity for the problem under consideration must 
be of the form 


(0) 
1(0, ») = (u) (ut (27) 


where H(z) is now defined as a solution of a functional equation of the form (26) with 


the characteristic function 
W =34(1—X) =constant , (28) 


7=1 


and 


The exact H-functions characterizing the problem of line formation are therefore the 
same as the ones which occur in the problem of diffuse reflection by a semi-infinite plane- 


parallel atmosphere with an albedo 
Oo = 1 —. (3 0) 


The H-functions tabulated in the preceding paper® are therefore equally applicable to 
this problem. However, to complete the solution we must determine gq as defined in 
equation (29). 


4. Evaluation of the limit ( asn— ©, The exact solution —Con- 
1 1 
sider the function (cf. Paper XIV, § 11) 


la 
(31) 
where the k.’s (a = 1,...., ) are the roots of the characteristic equation (7) and the 
1.’s (a = 1,....,m) are m constants determined by the conditions 


5 Paper XIX, Ap. J., 106, 143, 1947. 


V 


| 
| 
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It is known that, defined in this manner (Paper XIV, eqs. [132]-[138]), 


= hy.... Raph (— (33) 
Using relation (13), we have 
S(u) =MH (— yp). (34) 
Moreover, according to equations (31) and (32), 
P (1/ka) 
Now consider 
—~P(1/ka) 1 


It is seen that the summation which occurs on the right-hand side of equation (36) is a 
special case (c = 0) of the one considered in § 2 (eq. [16]). We therefore have (cf. eq. 


[21]) 
(37) 


Dd) ainis (— mi). (38) 


Since s(+u;) = 0 (i = 1,....,), we can extend the summation in (38) for negative 
values of 7 also. Hence 


n +n 
ainis (— mi) = (— ai). (39)6 
i=1 i=—n 


Now substitute for s(—u,) according to equation (31) on the right-hand side of equation 
(39). We obtain 


n +n n la 
> (40) 
la 
or, inverting the order of the summation, we have 
n n tn 
n l +n 1 (41) 


6 In the summation on the right-hand side there is no term with i = 0. 


| 
But Y/./k. can also be expressed in terms of H(u). Thus, consider 
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Using a well-known property of the Gaussian weights and also the equation defining the 
characteristic roots (eq. [7]), we have 


A wk 


t=1 


Hence (cf. eqs. [34] and [37]) 


i=l 


or 
“1 
We now pass to the limit 7 ©. Then H(yu) becomes the solution of the functional 
equation 
H (uw) =14+3 (1-2) 45 


limit 1 X 


where aq, is the first moment of H(y). 
The exact solution for 7(0, uw) is therefore given by 


BO 


1 (0, (y) (47) 


5. Exact formulae for the residual intensity. A table of the moments of H(u).—The in- 
tensity, 7°" (0, w), in the continuum is obtained by letting \ — 1. In this limit 
H (uw) =1 (A=1), (48) 


BO 


and 
(0, u) = B( (49) 


(This solution can, of course, be obtained directly from eq. [5].) The residual intensity, 
r, in the line is therefore given by 


BO 


Ww) (ut Sat pen). (50) 
BO 
Again, according to equation (47), the emergent flux is given by 
BO) 


where ae is the second moment of H(z). The residual intensity, R,, in the emergent flux 
is therefore given by ‘ 
BO) i- 


3° 


be 
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As we have already remarked, the H-functions which occur in this problem are the 
same as those tabulated in Paper XIX. To facilitate the use of solutions (47), (50), and 
(52) we now provide a table of values of the first and the second moments of H(z) for 
various values of \ (Table 1). 


TABLE 1 


THE FIRST AND THE SECOND MOMENTS OF H(u) 


First Second First Second 

Moment Moment Moment Moment 
1.0. | 0.500000: | 0:333333: 1), O:7. 0.3 0.678674 | 0.461423 
0.6 . 576210 .050 | 0.901864 .626785 
0.5 .603495 |i 0.975... 0.025 | 0.964471 .674134 

0.4 | 0.636636 | 0.430922 || 1.000.......... 0 1.154701*; 0.820352* 


* The exact values of these entries are 1.154701 and 0.820354, respectively. 


It is a pleasure to record here my indebtedness to Mrs. Frances H. Breen, who has 
been of very valuable assistance to me in the numerical work of this entire series of pa- 
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ABSTRACT 


In this paper the theory of diffuse reflection and transmission by a plane-parallel atmosphere of 
finite optical thickness is considered under conditions of (I) isotropic scattering with an albedo do < 1, 
(II) scattering in accordance with Rayleigh’s phase function, (III) scattering in accordance with the 
phase function A(1 + x cos 0), and (IV) Rayleigh scattering with proper allowance for the polarization 
of the radiation field. In all cases considered, it has been possible to eliminate the constants of integration 
(which are twice as many as in the case of semi-infinite atmospheres) and express the solutions for the 
reflected and the transmitted radiations in closed forms in a general nth approximation. It is further 
shown how a pair of functions, X(u) and Y(u), depending only on the roots of a characteristic equation 
and the optical thickness of the atmosphere, play the same basic role in this theory as H(u) does in the 
theory of semi-infinite atmospheres. The passage to the limit of infinite approximation and the determina- 
tion of the exact laws of diffuse reflection and transmission are thus made possible. 


1. [ntroduction.—In the earlier papers! of this series, the theory of the transfer of 
radiation in semi-infinite plane-parallel atmospheres has been developed to a point 
that it is possible to obtain by a definite algorism exact solutions for the various prob- 
lems. But the corresponding theory for atmospheres of finite optical thicknesses is in a 
far less advanced stage. The difficulties confronting the development of this latter 
theory do not lie in the system of linear equations which replaces the equation of trans- 
fer in our scheme of approximation: they present, in fact, no problem which does not 
already require solution in the semi-infinite case.? The difficulties actually lie in the 
problem of eliminating the explicit appearance of the constants of integration in the 
solutions and expressing the angular distributions of the emergent radiations in terms 
of functions which involve only the roots of certain characteristic equations. This 
problem of the elimination of the constants and the reduction of the solution to the 
evaluation of a certain basic function (or a set of functions)* is of particular importance 
for passing to the limit of infinite approximation and ebtaining the exact solutions. 
Thus, in analogy with the theory of semi-infinite atmospheres, we may expect that the 
angular distributions of the emergent radiations can be expressed in terms of certain 
functions which will be explicitly known in any finite approximation and which in the 
limit of infinite approximation will become solutions of functional equations of a stand- 
ard form. We shall see that this reduction can be achieved in spite of the greater 
complexity of the problem arising from our present requirement of explicitly satisfying 
boundary conditions on both sides of the atmosphere and of obtaining solutions in 
closed forms for the expressions governing the radiation emergent from each of the 
two sides. 

In this paper we shall take the first of the two principal steps required for the com- 
pletion of the theory of radiative transfer in plane-parallel atmospheres of finite optical 
thicknesses. More particularly, in this paper, we shall carry out the elimination of 
the constants for the basic problem of diffuse reflection and transmission under a variety 


1 See particularly Papers XIV, XVI, XIX, and XX (Ap. J., 105, 164, 435, 1947; ibid., 106, 143, 145, 


2 Cf. Paper XII (eqs. [45] and [74]) (zbid., 104, 191, 1946). 
3 We shall see that, actually, a pair of functions defined in the interval (0, 1) is involved in the solu- 
tions for finite atmospheres. 
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of scattering conditions and show how, in each case considered, the solution can be 
expressed in terms of a single function defined in the interval (—1, +1). The passage 
to the limit of infinite approximation and the exhibition of the relationship of these solu- 
tions‘ to the functional equations derived in Paper XVII’ are postponed to a later paper. 


I. ISOTROPIC SCATTERING WITH AN ALBEDO @p < 1 


2. The expression of the boundary conditions and the emergent intensities in terms of 
two functions.—As we shall see, the consideration of the problem of diffuse reflection 
and transmission by an atmosphere scattering radiation isotropically with an albedo 
@o < 1 introduces us, in its simplest context, to a basic mathematical problem which 
is characteristic of this theory and which requires solution. Considering, then, the case 
of a plane-parallel atmosphere of a finite optical thickness, 71, on which is incident a 
parallel beam of radiation of net flux +F per unit area normal to itself, at an angle 
cos! yo to the normal, we have? 


t/Ho 


a=—n 


for the solution of the intensities 7; in the mth approximation. In equation (1) the 


L.’s(a = +1,...., +m) are the 2m constants of integration, and the &.’s(a = +1, 
, tnand ky. = —k_.) are the 2» roots of the characteristic equation 
7=1 
which occurs in pairs (kya = —h_a), and 


TI] (3-02) 


(—1)” i=l 


(1 4243) 
The boundary conditions appropriate to our present problem are 
I_;=0 at r=0 andfor (4) 
and 
I,,;=0 at r=7, andfor i=1,....,m. (5) 


The equations which determine the 2” constants of integration are, therefore, 


La 
O (é=1,....,") (6) 


a=-n 
and 
—=(0 
‘In the manner of Paper XIV. 5 Ap. J., 106, 441, 1947. 


*In the summation over a in this equation, the term a = 0 is omitted. We shall adopt this con- 
vention throughout. It is, therefore, always to be understood that in all summations (or products) ex- 
tended over a from —n to +n the term with a = 0 does not occur. 
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In terms of the functions 


+n 
S = 8 
and 
+n 
= 9 
the boundary conditions can be expressed in the form 
S (ui) =T =0 (G@=1,....,). (10) 


In other words, the yw,’s (t = 1,...., m) are zeros of both S and T. 

In analogy with the procedure adopted in the case of semi-infinite atmospheres, we 
must now try to express the reflected and the transmitted intensities, 7(0, «) and J(71,—y), 
(0 < w < 1), in terms of the same functions S(u) and T(y). It is, however, immedi- 
ately apparent that 7(0, u) and J(71, —u) cannot, simply, be proportional to S(— yu) and 
T(—4), respectively, since these functions diverge for all those values of u = kz" for 
which kz! < 1(a> 0); in nonconservative cases (such as the present) divergence 
from this source will occur for (7 — 1) values of uw in the interval 0 < yw < 1.7 Conse- 
quently, a different procedure must be adopted for expressing the angular distribu- 
tions of the reflected and the transmitted radiations. On consideration, it appears that 
the procedure which should be adopted is the following: 

For the problem of diffuse reflection and transmission under consideration, the 
source function (7, is 


+1 
= T(r, da’ + foul (11) 


or, in our scheme of approximation, 
(7, w) = +4 eH. (12) 


With the solution for 7; given by equation (1), the foregoing expression for Q(z, ») 
reduces to 


+n 


Since, in general, the outward and the inward intensities, 7(7, +) and /(r, —y), 
(0 < w < 1), at any level 7, are derivable from the source function in accordance with 
the equations 


=f" 3 (14) 
and 
0 
we find that in our particular case 
1+ hen (16) 


7 In addition, 7(—) will also diverge for u = po. 


ar 
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and 


+n L 
I(7,-4) = 7 = — 1] 


(17) 


le 


For the reflected and the transmitted intensities we therefore have 


Y = 
1 — (oth) 
if 
and 


+n 
La [ — 1] 


1 (19) 


le 
or, somewhat differently, 


a=—n 


(20) 


and 
“LS tat 


According to our definitions of the functions S (u) and T (), we can re-write the fore- 
going expressions for J (0, +) and J (71, —u) in the forms 


I (0, = [S(— — | (22) 
I = [T(— 4) — ]. (23) 


Thus, in the case of finite atmospheres, as in the case of semi-infinite atmospheres, 
there is a relationship of reciprocity between the equations which express the boundary 
conditions and the functions which describe the emergent radiations. The present rela- 
tionship is naturally not so direct as the one encountered in the case of semi-infinite 
atmospheres. But it will appear that the relationship exemplified by equations (10), 
(22), and (23) is quite general and is precisely what is required to preserve the basic in- 


and 


* These expressions, do not, of course, diverge for any value of win the interval, 0 < uw < 1. 
*Since S(u;) = T(ui) = 0, 
wi) = and I (m1, — wi) = ; 
and this is in agreement with the solution (1) for the intensities at the points of the Gaussian division. 
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variances of the problem in all orders of approximation. And this last is, of course, an 
essential requirement for passing to the limit of infinite approximation on our method, 
3. The reduction to a problem in the theory of interpolation.—In addition to the func- 


tions 
P(u) =JT] and = J] (24) 
i=1 a=l 


which we have extensively used in the earlier papers, we shall now introduce the func- 
tions 


+n n 
a=—n 
and 
+n 
= hen) (a= 41,....,40). (26) 
Identities which follow from definitions (25) and (26) and which we shall find useful, 
are 
W =W(— (27) 
and 
W.(u) =~W-.(— pb) 


Now, from equations (8) and (9) it follows that 
S(u)W (1 and wiu)(1+4), (29) 
Ho Ho 


are polynomials of degree 2m in yw; and, according to equation (10), the u,’s (i = 1, 
. , n) are zeros of both these polynomials. We may therefore write 


1 P 
(u) (1 — s (30) 


= 


and 
1 P 


we... (1 +4 / no) 


T (wu) = 


where s(u) and are polynomials of degree in yu. 
Two relations which follow immediately from equations (3), (8), (9), (30), and(31) 


are 
1 P (uo) P ( — wo) limit ( 
= 1——)S§ 
W (uo) Mo Ko 


7= 


(Ho) 


and 


) 
P (po) P(— mo) limit (1 (u) 
Ho 
(33) 


W (Ho) — Mo 


1 P (— bo) 
W (uo) 


10 In eqs. (30) and (31) the factor 1/uj.... us is introduced for reasons of convenience (see eqs. [32] 
and [33] below). 
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Hence 
(uo) =P (— wo), (34) 
and 
t(— = (po) . (35) 
We next observe that, since (cf. eqs. [8] and [9}) 
limit 
and limit 
imi 


we must have 

1 P (1/ka) 
wee... w?Wa(1/ka) (1 — 1/kabo) 
and (cf. eq. [28]) 1 


1 P(—1/k.) 
(1/ha) (1 — 1/kapo) | (39) 


s(1/ke) (a=+1,....,+m) (38) 


= 


Comparing equations (38) and (39), we conclude that 


Fi 1/ka) 
s(1/k.) =e 1/ka) (a=+1, »tn). (40) 
Re-writing this equation separately for the positive and the negative values of a, we 
have 
P(—1/hka) 
/ /Ra = goooe sy 
s(1/ka) =e 1 / ka) (a=1 n) (41) 
and 
P ( 1 / ka) 


t(1/ka) = ekar s(—1/k.) GF 


P(+1/ka) 
An immediate consequence of equations (41) and (42) is 
(1/ka) s(—1/Ra) =t(1/ha) t(—1/ ha) (a= +1,....,¢8). (49) 
From this equation it follows that 
s(u) s(—pw) —t(u) ¢(— =constant W (yu), (44) 


since the quantity on the left-hand side is a polynomial of degree 2m in u and vanishes 
for = +1/ka(a = 1,....,m). 
Next, writing 


F (yu) = s(u) and =s(u) (45) 
we find, from equations (41) and (42), 
F = + 1 / ka) (a=1,....,”) (46) 
and 
P ( 1 / Ra) 


G(1/ka) = — G(— 1/ka) (a=1,....,m). (47) 


P(+1/ka) 


| 

10 
) 
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In § 5 we shall show how equations (46) and (47), together with equations (34) and (35), 
just suffice to determine the polynomials F(u) and G(u) uniquely. The problem, as we 
shall see, is essentially one in the theory of interpolation. 

A more symmetrical way of writing equations (46) and (47) is 


F (1/ka) = (— 1/he) (a=T,....,m) (48) 


and 
where 
= ar, 1/ hea) 


4. The solution of the basic mathematical problem.—The mathematical problem to 
which we reduced the solution of S(u) and 7() in § 3 can be formulated as follows: 
To determine two polynomials F(u) and G(u) of degree n in pw such that 


F (xa) = (— xa) (awl ,....,%)}, 
and 

G = — (— (ami ,....,%), 
where X.,a=1,....,n aren distinct values of the argument and \a, a= 1,....,2, 


are n assigned numbers, all different from one another. 

As we have already remarked, this problem is essentially one in the theory of inter- 
polation. It does not, however, seem to have been considered in literature before. But 
it will appear that the problem is closely associated with the method of solution, ina 
finite approximation, of a class of simultaneous pairs of functional equations of which 
equations (119) and (120) of Paper XVII are typical. The problem would therefore 
appear to merit a closer investigation than we can afford in this paper. We shall, how- 
ever, give explicit solutions for F(u) and G(u) which satisfy the required conditions. 

First, it may be noted that F(u) and G(y) are related by the identity (cf. eq. [44]) 


F (u)G(— 4) +F(—4)G(u) =constant [] (53) 


a=l1 


since the quantity on the right-hand side is a polynomial of degree 2 in wand vanishes for 
m= = 1,....,m). 

Next it should be observed that in general the conditions stated determine F(y) and 
G(u) uniquely, apart from a constant factor of proportionality. That this is the case can 
be seen by writing F(u) (for example) in the form 


F(u) = (54) 


m=0 


and noting that the conditions of the problem (eq. [51]) require that 


Da, (1+ xm =0 (a=1,....,m). (55) 


m=0 


The n + 1 coefficients, am(m = 0,....,), therefore satisfy a system of homogeneous 
linear equations of order . Moreover, if the «.’s are all distinct and none of the \.’sate 
equal to each other (as we have, indeed, assumed), the rank of the system (55) is also #. 
Consequently, the coefficients am are all uniquely determined apart from a constant 


and 
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factor of proportionality. The polynomial F() is therefore also determined apart from a 
constant factor of proportionality. Similar remarks clearly apply to G(y) also. 

The arguments of the preceding paragraph further establish that is the lowest degree 
of a polynomial (not identically zero) which will satisfy n conditions of the form (51) or (52). 
On the other hand, polynomials of degree higher than » can be readily constructed in 
terms of F(u) and G(u) which will satisfy conditions (51) or (52). For example, 


aoF + (56) 


where ap and a; are two arbitrary constants, is the most general polynomial of degree 
(n+ 1) in w which will satisfy the conditions (51); for, according to equations (51) 
and (52), 


doF (Xa) + ayXaG (Xa) = (— Xa) — XadaG ( — Xa) 


\ (57) 


Similarly, 
boG (u) + (yu) , (58) 


where bo and 8; are two arbitrary constants, is the most general polynomial of degree 
(n+ 1) in » which will satisfy conditions (52). 

The foregoing observations can be readily extended to construct polynomials of any 
degree higher than which will satisfy condition (51) or (52). We shall state the result in 
the form of the following theorem: 

Theorem 1.—The most general polynomials F'"*™ and of degree (n + m) in 
u,(m > 0), which will satisfy the conditions 


FOtm™) (xq) = ( — xq) (am1,....,2%) (59) 


and 
(xq) = — AaG"*™) (— xe) (a=1,....,2), (60) 
are 
(mu) = ps a yp! even F (u) odd G (61) 
l=0 
and 
Ginn) (u) = lez, odd F (u) even G (u) ] (62) 
i=0 
where a, and b\(l = 0,...., n) are arbitrary constants and 
€l,even = 1 if 1 is even €1, oda = 1 if lis odd 
(63) 
= 0 if ] is odd = 0 if J is even 


and F(x) and G(u) are polynomials of degree n in wu which satisfy the same conditions as 
P™™) (4) and G"*™)(y), respectively. 

This theorem suggests that the polynomials F(u) and G(u) can be constructed by a 
process of induction; for, if polynomials F("-)(y) and G"—)(u) of degree (n — 1) in 
uwhich satisfy the (n — 1) conditions 


= ( — (a=1,....,n—1) (64) 
and 


GO) = — (— xe)  (a=1,....,m—1) (65) 
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are assumed known, then polynomials F‘”(u) and G‘”)(u) of one higher degree satisfying 
conditions (51) and (52) appropriate to polynomials of degree m can be constructed, 
Thus, according to theorem 1, 


FO) =FO-) + (un), (66) 


where a; is an arbitrary constant, will satisfy all the conditions (64) that are satisfied 
by F‘"-" (uw). We therefore need to satisfy only the one additional condition, 


FO) (Xq) = (— aq) (67) 
This condition can be used to determine a. In this manner we find that, with the choice of 
(aq) — ( — 
f\"(y4) defined as in equation (66) will satisfy all the required conditions. Similarly, 
G™ (uw) =GO—) + (yu), (69) 


GOD (4) (= 


(68) 


where 
(70) 


b,= 


will satisfy the m conditions (52). Thus polynomials of degree m satisfying the required 
number of conditions can be constructed if polynomials of one lower degree, each 
satisfying one less condition, are assumed known. On the other hand, 


FO (u) = (41 w) (41 +4) (71) 
GY (uw) = (41 w) — (41 +H) (72) 


clearly satisfy the conditions appropriate to polynomials of degree 1. With this we have 
established that the solution to our problem can, in fact, be found by a process of in- 
duction. 

While the construction by induction which we have outlined above solves our prob- 
lem in principle, it is still unsatisfactory, in that the solution obtained by following the 
construction literally will be excessively complicated. This apparent complexity must, in 
part, be attributed to the fact that the manner of construction destroys the essential 
symmetry of the problem in the x,’s and the \.’s. It would therefore seem that the con- 
struction of the polynomials F(yu) and G(u) by a straightforward process of induction 
is not a significant approach to the problem. The method was therefore abandoned; 
and the somewhat indirect method that we shall now describe has at least the merit of 
providing explicit formulae for the functions F(u) and G(u) which preserve the sym- 
metries of the problem. 

From the form of the solution for the case n = 2, it appeared that F(u) and G(u) 
must be expressible as linear combinations of the 2” polynomials of the form 


and 


n 


where in each of the » factors we have either a plus or a minus sign in the parenthesis. 
Moreover, after some consideration, it also appeared that the coefficient of the term 
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where m,....,7 and S,....,Sn-, are selections of /, respectively — /, distinct 
integers from the set (1, 2,...., 2), must be 
wet l 
m=1 
m=1 i=1 


But the decision regarding the sign turned out to be a rather more delicate matter. 
We shall, therefore, describe the method by which the decision was reached, as it will 
establish at the same time that the expression which we shall obtain does represent 
the solution to our problem. 

According to our remarks in the preceding paragraph, we shall write 


2 terms 
Xx I] (x,,+ 4) (%.,,— #) » 
i=1 m=1 
%,,) 
m=l1 I] 
where 
(77) 


but is unspecified, otherwise, for the present. 

It should be particularly noted that, in the summation on the right-hand side of 
equation (76), terms with the various factors ,, . . . . \,, occur just exactly once. 

Now if F(u), as given by equation (76), represents a polynomial which satisfies the 
conditions of our problem, then we must have 


F (x,,) =X,,F (— 2,,) . (78) 
According to equation (76), in F (x,;), there is one and only one term which occurs with 
the factor 


(79) 


and this arises, in fact, from the term 


(80) 


m=1 i=1 
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on the right-hand side of equation (76). The validity of equation (78) therefore re. 
quires that the term in F(x,,) arising from equation (80) must cancel the term in F(— t,) 


which occurs with the leven 


and the only term on the right-hand side of equation (76) which occurs with this factor 


1S 


Leese 


A, 


hes (81) 


tag ts 


m=1 i=1 i=1 (82) 
ix] 
Putting u = x,, in equation (80) and « = —x,, in equation (82), we have, respec- 
tively, 
I] (x. +%-,) 
m=1 i=1 
rp Ary = Ay; Ar, I IT + %,,) (83) 
ont 
and 


m=1 i=1 
ix] 
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IT II 
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Comparing (83) and (84), we observe that the validity of equation (78) requires only 
that 
(85) 


— i—1 


Hence, 
(— 1) . (86) 


letting €, = 1, we conclude from equation (86) that 
€n-1>> (—1)*- €.-2=—1 €n—3 (—1)* €é.4=+1 , etc. (87) 


The e’s which occur in equation (76) can therefore be arranged in a sequence which 
we shall denote by e{*?. With this choice of the e’s, equation (77) does, in fact, represent 
isolution for (yu). (Any constant multiple of F(x) will, of course, also be a solution.) 
The solution for G(u) can be constructed along similar lines. Thus G() is also a linear 
combination of the 2" polynomials (73), with, in fact, the same coefficients as F(u) except 
ior the e-factor. And it can be verified that again e depends only on the number of fac- 
tors, /, in (73) which occurs with the positive sign in the parenthesis. However, in view of 
the minus sign in the conditions (52), we must now require that (cf. eq. [86]) 


(88) 


The e’s in the expansion for G(u) therefore form the sequence 
€n—1> (—1}* én—2=— 1 €n—3— +1 , etc., (89) 


which we shall denote by ¢{”). We have thus established the following basic theorem: 
Theorem 2.—The polynomials 


IT (x, + 


m=1 i=1 
Fw) = — T] (90) 
n i=1 m=1 
2 terms II (x. — x,,) 
m=1 i=1 
ind 


l 
Il + 


l n—l 
[] +, T] (91) 


i=l m=1 
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n 
2 terms 


there €{°) and «\°) denote the sequences 
—1 (—1)", +1 ’ (—1)*— ’ —1 (= (92) 


ind 


isfy the conditions 
P(te) = (— Xe) and G (Xa) = — AaG ( — Xa) 


= : 
_| 
II I] 
m=1 i=1 
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where Xa,a = 1,....,n, aren distinct values of the argument and da, a = 1,....,n, 
are n assigned numbers all different from one another. Any other polynomial of degree » 
which satisfies either of these conditions must be a simple numerical multiple of F(u) or 
G(qu) as defined. 


By writing 
a= (aml1,....,8), (@ 
we can express the solutions (90) and (91) for F(«) and G(y) alternatively in the forms 
i=1 m=1 1 
n i=1 m=1 "Sm 
2 terms II II (ky, — 
m=1 
and 
| 
TT 
i=l m=1 
terms I] (k,, m 
i=l m=1 


Now, examining the sequences (92) and (93), we observe that the terms , 1 — 2, etc., 
agree, while the terms n—1, n—3, et¢., are of opposite signs. We can, therefore, ex- 
press F(u )and G(yz) in the forms 


F (wu) =Co(u) (w) (98) 
and 
G(u) =Co(u) —Ci (99) 
where 
[] 


nel i=] m=1 Asin 


and 


II (kr they) 


Ci(u) = (— 1)" 


erm 
I tn) 


As 


Sm 


where 


(102) 
— 1 for integers of the form n — 41 — 2 


e(°) = +'1 for integers of the form n — 4/ | 


0 otherwise 


TL 


anc 


Sinc 


of t 
in t 
I 
I 
com 
are’ 
A 
and 
Exp 
are ¢ 
and 
2” erms 

|_| 
For) 
(+k 
ors 
5(u) 
them 
(50). 
| (101) 

= 


100) 
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and 


e'') = + 1 for integers of the form n — 4/—1 
(103) 


— 1 for integers of the form n — 4/— 3 


= (0 otherwise 


In our future work we shall adopt equations (96)—(103) as our standard definitions 
of the various functions, and it will always have to be assumed that functions defined 
in this manner are meant unless something explicitly to the contrary is stated. 

Finally, some properties of the functions Co(u) and C;(u) may be noted: 

By virtue of equations (98) and (99), the identity (53) between F(u) and G(u) be- 
comes, in our present notation (cf. eq. [25]) 


Co Co(— — C1 (u) Ci (— = constant (1 — 
(104) 


= constant W (u). 
Since W(O) = 1, we can re-write equation (104) in the form 
Co (uw) Co(— — Cr Cr (— = [CO(0) — Ci (0) ]W (wu), (105) 


a relation which we shall find very useful in our further work. 
Again, according to equations (51) and (52), 


F (xa) +G (xa) (— —G(— Xa) J, (106) 
F (Xa) — G = a [F ( — x) +G(— xa) ]. (107) 


and 


Expressing F and G as in equations (98) and (99), we find that the foregoing equations 
are equivalent, in our present notation, to 


Co (1/Ra) = (— 1/ ha) (aw1,....,2) (108) 
and 
Ci (1/Ra) = ( — 1/ Ra) (am1,....,%). (109) 


Equations (108) and (109) will be formally equivalent to each other if (again formally!) 


1 
(110) 


For \. defined as in equation (50), this is actually the case. 

5. Completion of the solutions for s(u) and t(u).—Returning, now, to the solution 
for s(u) and ¢() at the point where we left it in § 3, we conclude that s(u) + ¢(u) and 
5(u) — (4) must be proportional, respectively, to F(u) and G(u) as we have defined 
them in equations (96) and (97), with \. having the particular value given by equation 
(50). Expressing F(z) and G(u) in terms of Co(u) and Ci(u), as in equations (100) and 
(101), we can therefore write 


and 


t(m) = qiCo + , (112) 


| = 
en 
or 
5) 
6) 
7) 
ex- 
0) 
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i 
where go and q; are two constants. To determine these constants we make use of equa- 
tions (34) and (35), which require that 


5 (uo) = goCo (Ho) + (uo) =P(- Ho) (113) 
t(— po) = goCi (— wo) + qiCo (— Mo) =P (po) (114) 


and 


Solving these equations for go and qi, we find 


(— wo) Co (— wo) — e771 (po) Cy (uo) 
Co (Ho) Co ( — wo) — Ci (uo) Ci (— bo) 


e—71/#oP (po) Co (uo) —P (— wo) Ci ( — wo) 


The denominator in equations (115) and (116) can be simplified by using equation (105). 
We thus find that 


1 
1° = = TW 


(115) 
and 
(116) 


Ho) Co( — wo) — (uo) Ci (mo)] (117) 


and 
1 


TC (0) —C2(0) |W (uo) oat 


71/HoP (po) Co (uo) —P(— po) Ci(— wo) (118) 


With this determination of the constants go and gi, we have completed the formal solu- 
tion of our problem. 

6. The solution for the reflected and the transmitted radiations.—With s(u) and ¢(y) 
given by equations (111) and (112), equations (30) and (31) for S(u) and 7(u) take the 
forms 


1 P (u) Ho 


and 
1 P Ho 
T (u) u? W (u) (u) + qoCi (120) 


Substituting for S(u) and 7(u) from the foregoing equations in equations (22) and 
(23), we obtain, after some minor rearranging of the terms, the following expressions 
for the reflected and the transmitted intensities: 


[qo{P(— Co(—m) — Cr (u) } a 
and 
1 


— go{ —P(— w)Ci(— 2) }] 


Ho 


Sul 
1(0, | 
X 
= { 
| and 
{ e@ 
and 
It 1 
funs 
tior 
I 
and 
| and 
I 
and 
scat 
evic 
} 
of tl 
cha) 
—b. 
§4] 
of 
for 
(127 
divi 
root 
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Substituting, next, for go and g; according to equations (117) and (118), we have 


1(0 Wolf 1 1 Ho 
X [{P(— 1) Co(—n) — Cy } {P(— 140) Co(— — ug) Ca (ua) } f 
—P(—H#)Ci(— 4) } { (40) Co (uo) —P (— wo) Ci (— wo) } ] 
and 
X [{P(—1)Co(— — } { (40) Cows) —P(— wa) aa) } 6224) 
{ —P(—u) } 10) Co(— p10) — (te) Cy (440) } J 


Now let 
(—1)” 1 1 


— (125) 


and 


(u)Co(u) —P(—)Ci(—4)]. (126) 


It will appear that functions X(u) and Y(y), defined in this manner, play the same 
fundamental role in the theory of atmospheres of finite optical thicknesses as the func- 
tion H(u) did in the theory of semi-infinite atmospheres. 

In terms of the functions X(u) and Y(u), equations (123) and (124) for the reflected 
and the transmitted intensities take the following simple forms: 


1 (0, n) [X (u) X (uo) — (u) (uo) (127) 


It will be seen that the solutions for 7(0, u) and J(7:1, —) given by equations (127) 
and (128) are of exactly the forms required by the functional equations satisfied by the 
scattering and the transmission functions (Paper XVII, § 6); they further bring into 
evidence Helmholtz’ principle of reciprocity. 

Finally, attention should be drawn to the fact that there is nothing in the analysis 
of the preceding sections which has depended on the &.’s being the roots of the particular 
characteristic equation (2) except that it has 2m roots which occur in pairs (i.e., ka = 
~—k_a). The method of solution and the reduction to the basic problem considered in 
§ 4 has depended only on the single circumstance of the solution for the intensities being 
of the form given by equations (1) and (3). Conversely, it follows that the expressions 
for the reflected and the transmitted radiations can always be brought to the forms 
(127) and (128), provided only that the intensities 7; at the points of the Gaussian 
division are given by equations of the general form of (1) and (3) and the &,’s are the 
roots of an equation of the form 


a 
(129) 


168 S. CHANDRASEKHAR 


where the characteristic function, V(u), is an even polynomial, satisfying the condition 
(130) 


An obvious corollary of this observation is that for all equations of transfer of the form 
considered in Paper IX, § 4, the solution for the reflected and the transmitted in- 
tensities can be reduced to the forms given by equations (127) and (128), in which the 
functions X(u) and Y(u) are defined according to equations (24), (25), (100), (101), 
(125), and (126). 


II. ISOTROPIC SCATTERING WITH UNIT ALBEDO 


7. The reduction for the case @) = 1.—The solution for the case of isotropic scattering 
with unit albedo cannot be obtained by simply letting @) = 1 in the equations of the 
preceding sections (§§ 5 and 6); for, in this case, the various functions become indetermi- 
nate because two of the characteristic roots become zero. While there can, of course, 
be no difficulty of principle in properly passing to the limit ®) = 1 with due regard to 
the indeterminateness we have mentioned, it appears simpler to treat this case sepa- 
rately. 

When @» = 1, the solution for the intensities 7; at the points of the Gaussian division 
is (cf. Paper VIII) 


TT 
G=t+i1,.... 
where the &.’s (a2 = +1,...., +n ¥ 1, and ky. = —k_.) are the (2m — 2) distinct 
nonvanishing roots of the characteristic equation 
n a 
i= (132) 
1 — 
and the L,’s (a = 0, +1,...., +n F 1, ) are the 2” constants of integration and 
1 P (po) P(— wo). 
= H H(- = ; 133) 
(uo) H ( — wo) ( 
In terms of the functions 
+n-1 
1 — Ron — 
and 
r +n—1 ) (135) 
the boundary conditions requiring 
I-,;=Oatr=0 and r=7; for it=1,....,m, (136) 
can be written as 
S (ui) =T (u,) =0 (GG=1,....,m). (137) 


" Notice the exclusion of the equality sign here. This means that we exclude conservative cases 
from this discussion (see Sec. II below). 
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And, as in the case @ < 1 (§ 2), it can be shown that, in this case also, the reflected and 
the transmitted intensities can be expressed in the forms (cf. eqs. [22] and [23]) 


[S(—4) — (u) | (138) 


and 


Returning to equations (134) and (135), we observe that, since the w,’s (¢ = 1,...., 
n) are zeros of S(u) and 7(qu), we can write (cf. eqs. [30], [31], and n. 10) 


1 P (u) 1 


S(u) = 


and 
1 P (u) 1 


we... (uw) Ho 


T = , (141) 


where s(u) and ¢(u) are polynomials of degree 7 in wu. 
From equations (133)—(135), (140), and (141), it readily follows that (cf. eqs. [32]-[35]) 


S (Ho) =P (— po) and t(— wo) = e771/#oP (po) (142) 


But we now have only (2 — 2) relations of the form (cf. eq. [40)]) 
FP ( 1 / ka) 
P(+1/ka) 


Consequently, s(u) + ¢(u) and s(u) — ¢(u) satisfy only (x — 1) (instead of 2) relations of 
the forms (46) and (47), respectively. In accordance with theorems 1 and 2 (§ 4), we 
therefore conclude that, in the present case, s(u) + ¢(u) must be a linear combination 
of F(u) and wG(u) with numerical coefficients, where F(u) and G(u) are polynomials of 
degree n — 1, defined in the manner of equations (50), (96), and (97) in terms of the 
n — 1 positive nonvanishing roots of equation (132). Similarly, s(u) — ¢(u) must bea 
linear combination of G(u) and uF (ux) with numerical coefficients. We can therefore 
write (cf. eqs. [98] and [99]) 


S (mH) = (pot Co(u) + (pi- qi) Ci (144) 


$(1/Ra) = efor t(—1/ka) (a=+1,....,t"F1). (143) 


and 


t(m) = (pit Co(u) + Ci , (145) 


where po, go, fi, and gq; are certain constants. Equations (142) provide two relations 
between these four constants. Two further relations can be obtained in the following 
manner: 

According to equations (134), (135), (140), and (141), we have 


1 
sw) =(1 (w) S(w) 
L ae 


Mo 


We shall adopt this convention throughout. It is therefore always to be understood that W, Wa, F, 
G, Co, C1, X, and Y signify the functions defined as in eqs. (25), (26), (50), (96)-(103), (125), and (126) in 
— of the positive nonvanishing roots of the particular characteristic equation which is appropriate in 
the context. 


ll 
| 
1- 
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and 


5 = (144) Tw) 
Ko (147) 
n— Lo n Ly Lori n— 


Ho 


From equations (146) and (147) it is apparent that the coefficients of uw” in s(u) and ¢(y) 
are the same. This requires that in equations (144) and (145) 


go = 41 = a (say) . (148) 
We can therefore write 
= (potanu)Co(u) + Ci (149) 
an 
= (pitap) Co(u) + (po— au) Ci (150) 


With the foregoing forms for s(u) and ¢(y), it is readily verified that 


P(u) s(u) — } + a 
: (151) 
and 
(152) 


n 


where c\"~"), ci"~®) and c{"! , c{"~*) are the coefficients of the highest and the next high- 
est powers of uw in Co(u) and Ci(u), respectively. 
Comparing equations (146) and (147) with (151) and (152), we conclude that 


(153) 
‘ 
= 
and 
1 n— 1 n— n— 


Ln 
+ (w+ 52+ 1). ) 
0 
Adding equations (153) and (154), we obtain 
1 


(n—1) — 


rr 


a 
a 
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O 
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a=Q(pot+ pi, (156) 
4. 
i-1 
Now, from equations (142), (149), and (150) we have 
(po t+ apo) Co (uo) + (pi- ayo) Ci (uo) =P (— wo) (158) 


(po + apo) Ci (— Mo) + (pi— auto) Co ( — wo) = (mo) (159) 


Solving these equations for (fo + duo) and (pi — duo), we have (cf. eqs. [113]-{118]) 


1 
[C2(0) — C200) 


and 


[P( — po)Co(— bo) — e—71/#oP (9) Cy (uo) | (160) 


pot apo = 
and 
1 


pi = (C2(0) —C?(0) |W (u,) [ (49) Co (uo) — P( Ho) Ci ( Ho) | (161) 


And, finally, according to equations (156), (160), and (161) 


ic? (0) (0) (Hy) [P ( Ho) Co ( Mo) P (uo) Cy (uo) | 


With this determination of the various constants, the solution of the formal problem is 


completed. 
8. The solution for the reflected and the transmitted radiations.—The angular distribu- 
tions of the reflected and the transmitted radiations are given by 


1 1 


(162) 


0, = — P(- — e-7:/uP Ho 
1(0, (—u) s(—4) —e (u) ¢(u) (163) 
and 


On the other hand, according to equations (149) and (150), 

P(— yw) s(—p) — t 

(po — au) [P(— 4) Co(— 4) — Ci 

— (pit ap) (u) Co (uw) —P(— 4) Ci 

(po + ayo) [P (— 4) Co(— — em (wu) Ci ] (165) 

— (pi— apo) (wu) Co (uw) —P(— 4) Ci (—4)] 

— a (uo +4) [P(— Co(— — Ci 
+ (u)Co —P(—4)Ci(— 


| 
H | 
wh 
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Similarly, 
= (p1— apo) [P(— 4) Co(— — (uw) Ci 
— (pot apo) Co (uw) —P(— 2) Ci(—4)] | (166) 
+a (uo — [P(— 4) Co(— — Ci | 
+ Co —P(— Ci (— | 


In the foregoing’ equations we can now substitute for (p o+apo), — auo), and a in 
accordance with equations (160)—(162). In this manner we find 


1 = 3F X (u) X (uo) — (u) ¥ (uo) 
Bot (167) 
(uw) + V (w) I LX (uo) + V (uo) 
and 
I (71,— 4) = iF 


) X (po) | 
; (168) 
+0 (Ho — w) LX (uw) + (uw) (Ho) + (uo) 


Equations (167) and (168) can be brought into forms analogous to solutions (127) 
and (128) for the case @ < 1, if we introduce the functions 


¥ (uw) =X (wu) —Qu[X (uw) + (x) J (169) 
= (uw) +Qu[X (we) + (170) 


In terms of these functions, the angular distributions of the reflected and the transmitted 
radiations take the required forms: 


and 


(0, =4F 


and 


(uo) |. (172) 


— 
Ho — 


III. SCATTERING IN ACCORDANCE WITH RAYLEIGH’S PHASE FUNCTION 


9. The azimuth independent term. The reduction of the solution.—In solving the equa- 
tion of transfer appropriately for the problem of diffuse reflection and transmission by a 
plane-parallel atmosphere scattering radiation in accordance with Rayleigh’s phase 
function, we must distinguish three terms in the radiation field: an azimuth independent 
term, a term proportional to cos (¢ — ¢go), and a term proportional to cos 2(¢ — ¢o) 
(cf. Paper LX, eq. [152]). Considering, first, the azimuth independent term, we have the 
solution (cf. Papers III and IX, Sec. IT) 


+ (3 
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where the &.’s (a = +1,...., +m + 1 and k,. = —hk_«) are the (2m — 2) distinct 


nonvanishing roots of the characteristic equation 


Say 


1 
y = H (uo) H (— wo) , 


and the rest of the symbols have their usual meanings. 
In terms of the functions 


S(u) = (3p?) p — Low + Ln + (3 


and 
+n-1 Lee7*a yen 7, 


1+ 


(174) 


(175) 


(176) 


(177) 


the boundary conditions determining the constants of integration and the equations 
governing the reflected and the transmitted radiations can be written in the following 


forms: 
S (ui) =T (u:;) 
1 (0,4) = — eT (u)], 
and 


I(m1,—4) = SFT (— 4) — (u)]. 


By virtue of the boundary conditions (eq. [178]), we can write 


1 P 1 


an 
1 P (pu) 1 


T = 


t(u), 


where s(u) and ¢(u) are polynomials of degree n in u . 
From equations (175)—(177), (181), and (182), it now follows that 


S(u,) = (3— P(—4,) 
and 
And again from equations (176), (177), (181), and (182) we have 


,n), (178) 


(179) 


(180) 


(181) 


(182) 


(183) 


(184) 


(185) 
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and 


We therefore have the 2” — 2 relations 


P(—1/ke) 


Since, however, s(u) and ¢(u) are polynomials of degree n in uw, we conclude, in accord- 

\ ance with theorems 1 and 2 (§ 4), that s(«) and ¢(4) must be expressible in the forms si 
(cf. eqs. [144] and [145]) 

= (pot Co + Ci (188) 


and 
t(u) = (pit Co + Ci (189) 


where po, go, fi, and q; are certain constants to be determined and Co(u) and Cj(u) 
are polynomials of degree n — 1 in uw defined in the manner of equations (100) and (101) 
in terms of the (7 — 1) positive nonvanishing roots of the equation (174) (see n. 12). 
From equations (183), (184), (188), and (189) we now have 
(po + qomo) Co (uo) + (pi-— qimo) Ci (wo) = (3 — wo) P( — po) (190) TI 


and 


(Po + + (pi io) Co(— wo) = (3- Mo) (Mo) . (191) W 


Solving these equations for po + gouo and pi — gino, we have 


Pot = 


and 


3 — 
[C2(0) —C?(0) 


[ e-71/#oP (40)Co (wo) — P(— wo)Ci(— wo) ]. (193) 


Next, combining equations (179)—(182), (188), and (189), we find, after some re- 
arranging of the terms, that the reflected and the transmitted intensities can be ex- 
pressed in the forms 


F 1 
(nu) { (po + qomo) [P(— 2) Co(— Cy (u) | 


— (pi- qimo) Co —P(— 4) Ci (—4)] 
— go (vot pw) [P(— Co(— — Ci 


10, 


an 


Ho 
Moth 


— gi (woth) Co (un) —P(— 4) Ci (— 4) I} 


| 
| | 
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and 
F 1 ) 
#) = { (pi — qimo) [P (— Co(— — Ci 
— (pot qouo) Co —P(— Ci(—2)] (195) 
+ qi (Ho — IP (— Co(— — Ci 
+ go (Ho — w) Co (uw) —P(— 2) 


It remains to determine the constants go and qi. 
10. The determination of the constants qo and qi.—Putting » = ++/3, respectively, 
—/3, in equations (176), (177), (181), and (182) we have 


| 


W( V3) 1 F V3 | (196) 
and V/ 
P(t v3) V3) ) 
W(V3) 14+ V3 (197) 


Mo = V3) Lo+Ly-) 
The foregoing equations can be simplified by using the relation (Paper XIV, eq. [267]) 
1 P(+ V3)P(~ V3) _ 


W (V3) (198) 
We find 
Ho 
and 
= (m+ V3)LDo+L,. (200) 
Ho 


From equations (199) and (200) we obtain the following set of equations: 


8 [He V3) t(F = Lon, (201) 


1F V3 LP(F V3) P(+ V3) 
Mo 
t(+ V3) t(— V3) 
Ho Mo 
and 
8 s(— v3) s(+ V3) 


V3 P(+ V3) 1— V3P(- V3) 
Ho Ko 
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Now, — Lo from equations (201)—(203), we obtain the equations wh 
V3) ]_ v3 s(— V3) 
v3 (3 
(1 4) Lots. 
These equations can be further reduced to the forms an 
(V3+ uo) [s (+ V3) P(+ V3) V3) P(- V3)) (20 (3 
+ (V3— po) [s(— V3) P(— V3) V3) P(+ V3)] =0 
and 
2V3{(V3+u0) [s(+ V3) P(+ V3) V3)P(— V3) Ho) Sol 
X [s(— V3) P(— V3) —t(+ V3) P(+ = 3+ M0) s(+ V3)P(+ V3) (207 
+1(— V3)P(— V3) ]+(V/3—wo) (— V3)P(— V3) V3) P(t V3))} 
We now have to substitute for s(++/3) and «(+ +/3) in equations (206) and (207) wh 
according to equations (188) and (189). For this purpose, it is convenient to write 
s(++/3) and ¢t(++/3) in the forms 
s(+ V3) = (pot qouo) Co(+ V3) + game) Cr (+ V3) \ 
+ (V3 F wo) [+ V3) t+ V3)] 
and Sin 
t(+ V3) = (po+ gouo) Ci (+ V3) + (pi- qimo) Co (+ V3) 
+ (V3 + mo) F (+ V3) + 9:1Co(+ V3)). j 
Substituting for s(++/3) and ¢(++/3) from equations (208) and (209) in equations fing 
(206) and (207), we find, after some lengthy but straightforward reductions, that 1( 
(po+ qomo) 3w1 + weno) + (pi— (— V + weno) (210) 
+ (3 — po) we (go— gi) = 0 j 
and 
and 
2V3{ (pot qouo) (VW 3w2+wimo) + (p1— 3w2 — 
+ (3 = wo) (got qi) } = (Pot gouo) + (211) 
+ (pr — — + (3 — wa) ws gi) 


203 


n=Co( V3) P( V3) —Ci( V3) P( V3) +Co(— V3) P(— V3) —Ci(— V3) P(— V3), } 
V3) P( V3) +C1( V3) P( v3) —Co(— V3) P(— V3) -Ci(— V3) P(— V3), 
V3) P( V3) —Ci(- V3) P( V3) —Co(— V3) P(— V3) +C1(— V3) P(— V3), | 
V3) P( V3) +C1 (V3) P( V3) +Co(— V3) P(— V3) +C1(— V3) P(— V3). 
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where, for the sake of brevity, we have written 


(2 


Equations (210) and (211) can be re-written in the forms 


(3 — uo) (qo — gi) + (pot gouo) (u0+ v3 | 
(213) 
+ gino) ( no — v3 =0 
and 
(3 — ua) 91) + (Po+ qomo) | v3 
(214) 
— 2 V3w2 


Solving these equations for go and qi, we have 


(3 — uo) go = — [(¢1+ wo) (Po + Gouo) + C2 (215) 
anc 
(3 — Ho) gi = — (pot qomo) + (¢1— wo) (pi — gino) ], (216) 
where 3 
and v3 
3 2 3we 


Since (po + goo) and (p: — qiuo) have already been determined (eqs. [192] and [193]), 
the foregoing equations complete the formal solution for S(u) and 7(u). 

11. The solution for the reflected and the transmitted radiations—Now, substituting 
for (po + qouo), (Pi — imo), Go, and qg; according to equations (192), (193), (215), and 
(216) in equations (194) and (195) and introducing the functions X(u) and Y(y), de- 
fined as in equations (125) and (126), we have 


1(0, = (3 — mo) LX X (uo) — (uw) ¥ 
+ (uo-+u) X (u){ mo) X (uo) + c2¥ (uo)] (2129 
+ (wotu) (u)[c2X (wo) + (¢1— wo) (uo) 


and 
I (T1, 


{(3— ur) [X (u) V (uo) — X (uo) 
— (wo X (wo) + mo) (wo)] (220) 


178 S. CHANDRASEKHAR 


After some rearranging, equations (219) and (220) can be brought to the forms 


1 (0, = (uw) X (wo) [3+ (wow) + 
— YO (wo) (3 — (wou) + mmo] (220) 


+ (uo tu) [XO VO (wo) + VO (wo) } 
and 


4) = 3F {X (uw) (yo) [3 — ¢1 (Ho — — 
— X (wo) [3+ ¢1(uo— — (222) 


— Co (Mo — (uw) XO (wo) + VO (wu) YO (uo) ]}- } 


In equations (221) and (222) we have inserted a superscript ‘‘0” with the various func- 
tions to emphasize the fact that these equations represent only the solutions for the 
azimuth independent terms in the reflected and the transmitted intensities. 

To complete the solution we need to find the remaining terms in the reflected and the 
transmitted intensities which are proportional to cos(¢ — ¢o) and cos 2(¢ — ¢). 
The determination of these terms presents no difficulty, since the equations satisfied 
by [(7, w) and J)(7, w) (cf. Paper LX, eqs. [154] and [155]) are of the standard form 
considered in Paper LX, § 4, and the analysis of Section I applies without any modifica- 
tions. We can, therefore, write (cf. Paper LX, eqs. [190] and [194]) 


(0, w) $F up, (1 — (1 — 
[X (uw) (wo) — YO (uw) YO (uo) 
> (223) 
I) = + uu, (1 — (1 — 
Ho 
X [XM (uw) YO (wo) — YO (uw) X (uo) I, 
and 
I?) (0, w) = SF (1 — (1 — 
[X® (u,) — VY (u,) | ; 
(224) 


I) = (1 — (1 — 


X [X — YO X@ , 


where X“, VY and X®, Y@ are defined in terms of the characteristic functions 
(uy) and WO) (uw) = (1 (225) 


In terms of the foregoing solutions (eqs. [221]-|224]), the reflected and the transmitted 
intensities are given by 


T (0, Hos go) = 1 (0, w) + (0, cos — go) \ (226) 
+ (0, cos 2 (¢ — go) 


al 


In 


an 


wl 


il 
a 
W 
e 
= 
| M 
| 
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and 
I(T1,—- Ho, I COs (e—¢o) \ (22 7) 
/ 
+ I?) cos 2(y—¢go) 


IV. SCATTERING IN ACCORDANCE WITH THE PHASE FUNCTION \(1 + x cos 9) 


12. The azimuth independent term.—In the problem of diffuse reflection and transmis- 
sion by a plane-parallel atmosphere scattering radiation in accordance with the phase 
function \ (1 + xcos @) (A < 1,1 2 x 2 —1), we must distinguish between two terms 
in the radiation field: an azimuth independent term and a term proportional to cos 
(g — go) (cf. Paper IX, eq. [6]). Considering, first, the azimuth independent term, we 
can express the reflected and the transmitted radiations in terms of the functions 


S(p) d) [1 +«(1—A) (228) 


a=—n 1 — Rap 1—p/ Ho 
and 
= 1+ kau (229) 
thule 
where the ka’s(a =+1,...., tnandk,q = —k_.) are the 2n roots of the characteristic 
equation 
uj] 
or (230) 
y =H (uo) H(— wo), (231) 


and the rest of the symbols have their usual meanings. We have 


1(0, ={dF[S(—p) — (232) 
anc 
= (— — (u) (233) 


Moreover, the boundary conditions at 7 = 0 and 7 = 7 require that 
S (ui) =T (u;) =0 (234) 


In view of these boundary conditions, we can write 


1 P 1 


(233 


S(u) = 


and 
1 P (p) 1 


36) 


T 


where s(u) and ¢(u) are polynomials of degree » + 1 in yw. 
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From equations (228), (229), (231), (235), and (236) it follows that 


(mo) = [1+x(1—2) wo] P(— wo) (237) 
and 
t(—po) = [1+4(1—)) (po) (238) 
And again, from equations (228), (229), (235), and (236), we have 
1 P (1/ka) 1 s(1/Ra) ) 
(1 /Re) 1+ (1 — 2d) /2? > (239) 
(a= +1,. 
and 
1 P(—1/ka) 1 t(—1/ka) 
1—1/Reuo 1+ x (1 —d) (240) 


(am +1,....,¢).) 
We therefore have the 2n relations 
P(—1/ke) 


P(F1/h) t(— 1/ka) (a=+1 (248 


s(1/ka) = eer 


However, since s(u) and f(y) are polynomials of degree (7 +1) in yw, we conclude, in 
accordance with theorems 1 and 2 (§ 4), that s(u) and ¢(u) must be expressible in the 


forms 
S(u) = (pot qou)Co(m) + (pi- Ci (242) 
= (pit qin) Co + (po Ci (243) 


and 


where fo, go, 1, and g are certain constants and Co(u) and C;(y) are defined as in equa- 
tions (50), (100), and (101) in terms of the » positive roots of equation (230). 
From equations (237), (238), (242), and (243) it now follows that 


1+x«(1— 


— H0)Co( Mo) — o)] (244 
(CEC) mo) — em (wo) | (244) 


pot = 


and 


1+x(1— A) 


Pi- Qiko = (C20) — C2(0) (u,) [ — P(— wo)Ci(— wo) J. (245) 


It remains to determine the constants go and qh. 
13. The determination of the constants qo and q\.—Putting » = 0 in equations (228), 
(229), (235), and (236), we obtain 


+n 
(— 1)” 
S(0) = = 0 (246) 
and 
T (0) = 1(0). (247) 
Mi Mn 


a=—n 


| | 
| 
| 
S 
a 
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Now, according to equation (239), 


1 P(1/ka) s (1/Re) 
> (248) 
+n 
Lo kaP (1/ha) s (1/ Ra) 
W(1/k,) (1 (1—d) /R?] We (uo) 


To evaluate the sum on the right-hand side, we introduce the function 


_< kaP (1/ha) (1/ ha) 


and express YZ, in terms of it. Thus 


+n 
wee... W (uo) (250) 


As defined in equation (249), f(s) isa polynomial of degree (27 — 1) in zs and takes 


the values 
kaP (1/ka) (1 k.) 


fors = 1/ka (a = +1,...., +2). In other words, 
27] f(s) —P(s) s(s) =0 for z2=1/k. 
(252) 
and 


Hence there must exist a relation of the form 
27] f(s) =P(2) s(s) (253) 


where 4, B, and D are certain constants to be determined. 
Putting s = O in equation (253), we determine at once that 


D= — (—1)"u1.... (0). (254) 
Next, putting s = +i/+/x(1 — X) in equation (253), we find 
P(+if) +W (ig) [— Ag? +iBE+D] =0, (255) 
where, for the sake of brevity, we have written 
1 
Solving equations (255) for A and B, we find 
A= at apap ag Gb) +P(—if) (257) 
and 
B= IP Mid) it) — (258) 


) 
) 
| 
) 
n 
e 
) 
) 
) 
), | 
) 
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Returning to equation (253) and setting z = wo and remembering that 


(ito) =(14+ 8) P(—w) (259) 
we obtain 


(wo) P (wo) wo) (uo) 


2 
[1 +x (1—)) [ApotBuot D). (260) 


Using the foregoing expression for f(uo) in equation (250) and inserting for A, B, and D 
their values given by equations (254), (257), and (258), we find, after some reductions, 
that 


+n n ) 

My Mn 
x(1=)) Mo 

+ig {P(ig) s (ig) —P(—ig) s(—ig) }]. 

Similarly, 

+n n ) 

a=—n Mi Mn 
» (262) 


2u?.... w2[1+x(1—A) 
—P(—it) t(—it) } J. J 


Equations (261) and (262) evaluate the required sums. 
According to equations (246), (247), (261), and (262), we clearly have 


(wo s (ig) + (wo P(—ig) =0 (263) 
(uo — if) P (ig) + (wo =0. (264) 


We now have to substitute for s(+i¢) and ¢(+7¢) in equations (263) and (264) 
according to equations (242) and (243). For this purpose it is convenient to write 
s( +7) and ¢(+7¢) in the forms 


= (pot qouo)Co( +i) + (pi- qimo) Ci (+79) 
(265 


and 


and 
t( = (pot qomo)Ci( +76) + (pi- qimo) Co (+76) 
+ (mo tif) — qoCi( |. 


Substituting from equations (265) and (266) in equations (263) and (264), we find, 
after some minor reductions, that 


\ 
» (266) 
( 


(uo + (qoao — = (po+ gouo) (aouo + Bo) } (267) 
/ 
+ (pi- Qibmo) (armo + f 


an 


] 
a 
a 
5( 
di 
(1 
he 
} 


RADIATIVE EQUILIBRIUM 


and 


(uo + (qoai — qiao) = (pot (aio — 
+ (pi- — Bos) 


where 


a, =P (is) Ci (if) +P (—if) Ci (—i5), | 
Bo =i Co GD 
Bi =i[P GY) 


Defined in this manner, ao, a1, Bo, and f; are all real constants. 
Solving equations (267) and (268) for go and qi, we find 


x (1— 2) 


and 
x (1—)) 
where 
and 


1 aoBi + aiBo 


V/x(1— x) a? 


With this, the determination of the constants is completed. 
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(268) 


(269) 


(270) 
(271) 
(272) 


(273) 


14. The solutions for the reflected and the transmitted radiations.—lt is apparent that for 
s(u) and ¢(u) given by equations (242) and (243), the equations governing the angular 
distributions of the reflected and the transmitted radiations can be reduced to the forms 
(194) and (195) with /4 replacing ‘3/32.’ With the expressions for (po + qouo), 
(Pi — gimo), Go, and qi given by equations (244), (245), (270), and (271), we therefore 


have 
1(0, w) [1 +4" LX X (uo) — V (uo) ] 


X (u)[ (c1 + wo) X (uo) + c2V (uo) 
Ho + 
and 
=1AF{ [1 +4 (1—2) wel LX (u) (uo) — X (uo) ] 
+x(1—X) (uo— X (uw) (uo) + wo) V (uo) J 


> (274) 


(275) 


| 
| 
) 
e 
| 
} 
| = | 
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After some rearranging, equations (274) and (275) can be brought to the forms 


(0, w) XO (uo) [L—x(1—A) (Motu) — (1—A) 


— VO YO (uo) (1x (1-2) (Hote) — (1-2) (276) 


—x(1—X) co (wot) [X (wo) + (uo) | 
Hoty 


and 
pw) =F AF XO (uw) VO (uo) [1+4(1—A) +4 (1-2) 
— X (wo) [1L—x(1—A) +4 (1—A) | (277) 
Ho 


+x C2 (Hom XO) (uo) + YO (4) (wo) 


In equations (276) and (277) we have inserted a superscript “‘0” to the various functions 
to emphasize the fact that these equations represent only the solutions for the azimuth 
independent terms in the reflected and the transmitted radiations. 

To complete the solution we must find the remaining term in the reflected and the 
transmitted intensities which is proportional to cos (¢ — ¢o). The determination of 
this term presents no difficulty, since the equation satisfied by /‘)(7, uw) (Paper IX, 
eq. [8]) is of the form for which the analysis of Section [ is applicable without modifi- 
cations. We therefore have 


(O, 4 ( ( Ko Motu | (278) 


X [XO XO (yo) — FOO J 


and 


(71, — = (1 — (1 — 


X [XM (po) — (uw) X (yo) ], J 


where X“ (yu) and Y“)(y) are defined in terms of the characteristic function 
WY (vw) (1—p?). (280) 


In terms of the foregoing solution, the reflected and the transmitted intensities are 
given by 
(0, go, go) = (0, w) +1 (0, cos — go) (281) 


and 
¢3 Hos go) = (74, — w) (71,— cos go). (282) 


V. RAYLEIGH SCATTERING 


15. The formulation of the problem.—In a proper treatment of problems involving 
multiple scattering we should take into account the fact that after the first scattering 
even natural light becomes partially polarized. In formulating the equations of transfer 
we must, therefore, include the polarization characteristics of the radiation and allow 
for the dependence of the scattered light on these characteristics. As we have shown in 
the earlier papers!* of this series, this can best be accomplished by considering the in- 


13 See esp. Papers XI, XIII, XIV, and XV (Ap. J., 104, 110, 1946; 105, 151, 424, 1947). 
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tensities Z; and J, in two directions at right angles to each other in the plane of the 
electric and the magnetic vectors and the further quantities 


U = (/,-— I,) tan 2x and V = (J,-— I,) sec 2x tan 28 , (283) 


where x denotes the inclination of the plane of polarization to the direction to which / 
refers and —a/2 < B < + 7/2 is an angle whose tangent is equal to the ratio of the 
axes of the ellipse which characterizes the state of polarization. (The sign of 8 depends 
on whether the polarization is right-handed or left-handed.) 

For the case of Rayleigh scattering, the equations of transfer for Ji, J,,\44 U, and V 
have been explicitly formulated® and exactly solved’® for transfer problems in semi- 
infinite plane-parallel atmospheres. In this Section we shall be concerned with the 
solutions of these same equations for the problem of diffuse reflection and transmission 
by a plane-parallel atmosphere of finite optical thickness. 

16. The solution for V and the azimuth dependent terms.—Considering the general 
case of incidence of a parallel beam of partially elliptically polarized light on a plane- 
parallel atmosphere in the direction (— yo, go), we may recall that the equations of trans- 
fer break up into seven independent sets of equations’? when the intensities J), J,, U, 
and V are expressed in the forms!’ 


I(t; = I(r, + IM (7, cos:(y — ¢,) sin — %) (284) 
+1 (7, cos + (7, w) sin 2 (g—¢,) J 


T(t, = T(r, w) +I (7, w)cos — + (7, w)sin — g,), (285) 


U(r, =U (7, w) sin — go) + cos (¢ — go) 
+ U) (7, w) sin 2 (g — go) + U'-® (7, uw) cos 2 (9 — go) , 


V (7, = VO (7, w) +V™ (7, cos — go) (287) 


Of the seven systems of equations which arise in this manner, the only one which re- 
quires any detailed consideration is the first, which governs the azimuth independent 
terms, and I{°)(r, u). The other systems present no difficulties. Thus, Systems 
II-V (Paper XIII, pp. 154-55) governing the various azimuth dependent terms in 
I, I,, and U admit the first integrals 


} (286) 


and 


TW) (7, (7, Y(t, = (7, (288) 

and (289) 


Moreover, the resulting equations for U(r, w), T(r, w), and wu) 
are all such that the analysis of Section I applies without any modifications. Conse- 


‘4 The symbols / and r now refer to the directions in the meridian plang and at right angles to it, 
respectively. 

1° See Papers XI (§ 5), XIII (§ 2), XIV (§ 2), and XV (eq. [74)). 

Cf. Paper XVI (Ap. J., 105, 425, 1947), where the functions and constants representing the exact 
solutions are tabulated. 

Paper XIII, Systems I-V (pp. 153-54) and Paper XV, eqs. (78) and (79). 

'S Paper XIII, eqs. (4)—(6) and Paper XV, eq. (77). 
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quently, we can write down at once the solutions for the corresponding reflected and 
transmitted intensities. We have (cf. Paper XIII, eqs. [47]-{50]) 


(0, w) = (0, 
(290) 
= — $F (1 — — XM XM — YO VO 
(0, w) = — (0, 


1? (0, w) = — (0, = (0, w) 


? 


= (292) 


(0, w) = — (0, = — (0, 


| (293) 


= 8, Vou? uo [X (u) X (uo) — (uw) (uo) ] 


= — (7,,— 2) 
| (294) 
Fup, (1 — — XO YO — VO XO) | 
(295) 
uot (290) 
and 
(297) 


= (u) FO (uy) — VO XO (ug) 


Ko 


where X(y), Y(u),and X )(4), Y®(), are defined as in equations (50), (100), (101), 
(125), and (126) in terms of the characteristic functions 


WO (wy) and = (298) 


respectively. 
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Similarly, the equations for V'(r7, wu) and V“(z, uw) also do not require any special 
consideration. The solutions for the reflected and the transmitted intensities are of 
standard form, and we have 


VO (0, w) = — [Xv Xv (Ho) — Vo Vo (uo) J , (299) 
Ho t+ 


Mo + 


V (71, — mw) Vommo (u) Vr (mo) — Vo (um) (mo) | (301) 


and 


where X,(u), Y.(u) and X,(u), Y.(u) are defined in terms of the characteristic functions 


WV, (mu) = (1 — and =W,(u) = (303) 


Finally, it may be noted that in equations (290)—(297) and (299)-(302) rFi, zF,, 
rly, and +Vo represent the fluxes in the four components of the incident beam. 

17. The azimuth independent terms proportional to F\.—In the preceding section we 
have given the solutions for V and the various azimuth dependent terms in the ex- 
pansions (eqs. [284]-[286]) for fi, Z,, and U. The azimuth independent terms, /{° 
and /<°), remain to be considered. 

Now in the equations (Paper XIII, System I) governing J; and /{°), the inhomo- 
geneous parts consist of two terms proportional, respectively, to F; and F,. The solu- 
tions for Z{° and J{° can therefore be expressed in the forms 


1 (7, (7, w) +1 (7, 


and (304) 


( 
r 


where and are proportional to F; and /}°) and are proportional to F,. Con- 
sidering, first, the terms proportional to F;, we can express the corresponding terms in 
the reflected and the transmitted intensities in the following forms: 


(305) 


and 


)1) 
3) 
4) 
5) 
i) 
), 
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where (cf. Paper XIII, eqs. [12] and [13]) 


+n-1 
B=—n+) 
(306) 
a(l+hka 
L en 
Tu(u) = (1— A 4 tu) +L 
B=—n+1 1 7 
(307) 
+n a 1 2) T e771/4o 
o(1— hap) + 2(1—w) 
+ 9 
M. (ka— 1) 
and 
Ma (ka— 1) 
In the foregoing equations the xe’s (8 = +1,...., +n #1) and k’s (a = +1, 
...., +n) are the distinct nonvanishing roots of the characteristic equations 
45 
and 
3 aj (1— 45) 
(311) 
respectively, and 
1 P P(- 
wee... Q (uo) 
Q(u) = I] (1 — xpu) =[] (313) 
p=—nt1 p=1 


and the rest of the symbols have their usual meanings. 
The boundary conditions at r = 0 and 7 = 7 require that 


Sir (ui) =T (ui) = (ui) = 0 (Gm t,..-. 5%). (314) 


i _ 
. 
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By virtue of these boundary conditions we can write 
1 (u) 1 


1 P (u) 
and 


where su(u) and ¢u(u) are polynomials of degree m in w and s,(u) and ¢,:(u) are poly- 
nomials of degree (z +1) in uy. 
From equations (305), (306), (312), (315), and (316) it now follows that 


= 2 (1 — P(— and) t,,(— = 2 (1 — . (319) 
And again from —_ (305), (306), (315), and (316) we have 


(1-3) wee... (1/ Kp) 1— 1/ (1/ xs) 


(G@=+1,....,tnF1) ) 


(1-5) = 2 P(— 1/xs) . tip (— 1/ kp) 


(B= +1,....,¢nF1). 
We therefore have (2n — 2) relations of the form 


$1 (1/ ka) 


However, since su(u) and tu(u) are polynomials of degree m in u, we conclude in accord- 
ance with theorems 1 and 2 (§ 4) that (cf. eqs. [144] and [145]) 


Si = (®o+xX0H) Co, + (@i— C1, (323) 


where @o, @1, Xo, and x; are constants and Co,; and Cj,; are polynomials of degree (n — 1) 
in uw defined in the manner of equations (50), (100), (101), (125), and (126) in terms of 
the roots xg (6 = 1,. , n — 1) of equation (310). 

From equations (319), (323), and (324) we now obtain 


(— 1/ xa) 20405. 


and 


+ xouo = 2 (1— 45) | 
me (0) —C?_, (0) J (u,) (325) 


 [P(— wo) Co, 1 (— wo) — Cr, J 


5) 
) 
(320) 
and 
| 
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and 


2 (1 — wo) | 
TCE (0) — CF, (0) 2 (uo) (326) 


X (uo) Co, —P(— Ho) Ci, 1(— mo) ] - 


Considering, next, equations (308), (309), (317), and (318), we have 


1 P (1/ka) 


and 


1 P(-—1/ka) 
(328) 


We therefore have 2n relations of the form 


P(—1/ka) 


Srl (1/ a) = 


It will be recalled that s,.(u) and t,.(u) are polynomials of degree (7+ 1) in u. 
However, it can be shown that s,:(4) + ¢,:(u) is only of degree n; for, according to equa- 
tions (308), (309), (317), and (318), we have 


(330) 


(331) 
= (—1) +L + (Lar, +L) 


And it is apparent from these equations that the coefficients of w"*! in s,.(u) and t,.(u) 
are of opposite signs. We may therefore write 


Sri (mM) = (potap) Co, + + (pit au) Ci, (332) 


and 
ti = (pi-— au)Co, + (po— au)Ci,, , (333) 


where fo, p1, and a are constants and C»,, and C,, are defined in terms of the roots of 


equation (311). 
With the forms (332) and (333) for s,(u) and ¢,.(u) we can readily verify that 


Pw) = +a + Ja + | 
(334) 


i=1 
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and 


(335) 
i=1 


where c{"), c\") and c\"-), c("-) are the coefficients of the highest and the next highest 


powers of w in Co,, and Cj,,. 
From a comparison of equations (330) and (331) and (334) and (335) we now con- 


clude that 


and 


From equations (336) and (337) we readily find that 


a=Q pi) (338) 
where 
(n) - (n) 
Q= (339) 


It will be observed that among the seven constants—ao, @1, Xo, X1, Po, pi, and a— 
which occur in the solutions (323), (324), (332), and (333) for sy, tu, 5, and t, we have 
so far obtained only three relations (eqs. [325], [326], and [338]). We therefore require 
four more relations to make the problem determinate. To obtain these additional rela- 
tions we proceed in the following manner: 

Putting « = +1, respectively, —1 in equations (306) and (307), we have 


+n 
Su( +1) = FLot+Lit Ma (1 t he) (340) 
and 
+n 
Ti (41) =Lo(t14 1) Ma (1 F ha) (341) 


Similarly, putting « = 0 in equations (308) and (309), we have 


+n 
=Ln— Ma 1) (342) 


and 


+n 
T,,(0) =Z,7, +L,— >. M, 1) eters, (343) 


|| 
P(u)t, (4) =—a [c™ + ] perl —a +. 
| 
= | 
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Combining equations (340)—(343) appropriately, we obtain the following relations: 


15,,(+1) +5,,(—D1-S,, (0) (344) 
+n 
(41) +7,,(-—1)1-7,,(0) = (345) 


[Si ( +1) (—1)) +4 [Tn (+1) 


= Sake “Fen, 


(346) 


and 


rif [Su (+1) —Su(= 01 


+n 
Make — = 244 [Su +5u(— (347) 


+n +n 
—$(7.(4+1) = — 22071. 


We shall now show how the foregoing equations provide the required additional rela- 
tions between the constants @o, @1, Xo, X1, Po, P1, and a. However, we must first evaluate 
the summations 

+n 


+n 
M,km and (m=0, 1, 2) , (348) 


a=-n 


which occur in these equations. 
Considering the summation 2M,k*", for example, we have (cf. eq. [327]) 


(349) 


In terms of the function 


fm (x) -> ™(1—k-) W, (17k) Wa (x), (350) 


| we can therefore express 2M as 
| (0). (351) 


Now f(x) is a polynomial of degree (2m — 1) in x, which takes the values 


P(1/ka) 5,1(1/ ka) 
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for x = 1/ka (a = +1,...., +m). There must, accordingly, exist a relation of the 
form 
(1— fm — (x) (4%) =W gm (2) (m=0,1,2), (353) 


where g(x) is a polynomial of degree 3 — m in x. To determine g,,(x) more explicitly, 
we must consider each case separately. We shall illustrate the procedure by considering 


the case m = 0. 
For m = 0, equation (353) becomes 
(1 — x?) fo(x) — (x) =W (x) (Ax? +Bx?+ Dx +E), (354) 


where A, B, D, and E are certain constants to be determined. The constants A and B 
follow directly from a comparison of the coefficients of «?"** and x°"*? on either side of 
equation (354). We find (cf. eq. [334]) 


(n) (n) 
n+1 alco, ore C1, al 
and 
(356) 


Next, putting x = 1, respectively — 1, in equation (354), we have 
—P(+1)s,.(4+1) =W(1)(+ A +Bt D+E). (357) 


From this equation it ee that 


Way [P(+1) +1) +P(-1) (358) 
Hence 
n— 1) n—1 n 
Xa [em + cin), [P(+1) s,(+1) +P(-1) s,,(-1)]. | 


Inserting this value of fo(0) in equation (351) and making use of the relations (cf. 
Paper X, eq. [143] and Paper XI, n. 16) 


1 P(+1)P(-1) 
361 
W (1) (368) 
we obtain 


(362) 


i=1 
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The other summations can be similarly evaluated. We find 


+n = 
So Mb, = (—1) + +2[ (363) 


+n 

n 5,1 (0) Sr ( +1) $,1(— 1) 
+n 
= (365) 


+n 
SS Mk embers = (= 1) #120 + ] (366) 
and 
t, (0) (+1) 1) 
= (—1) + . (367) 


A relation which follows from equations (362) and (365) may be noted here. We have 


o=-n (368) 


or, substituting for (pp — p:) according to equations (338) and (339), we have 


+n +n 
YM, — Merten = (= 1) [6 + 7, 


(369) 
Sri (+1) 1) (+ 1) | 


Returning to equations (344)—(347), we first observe that (cf. eqs. [317] and [318]) 


Mn 
From equations (344), (345), (364), (367), and (370) it now follows that 


1) 
b[Su(+1) +5u(— = | (371) 


and 


(+0) +7 =2[ (372) 
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Similarly, from equations (346), (363), and (366) we have 
[Su (+1) —Su(—1)) +3 (Tu (+1) -—Tu(-1)) 


And, finally, from equations (347), (363), (366), and (369) we have 


(374) 


But, according to equations de and (372), the right-hand side of equation (374) 
vanishes (7; ¥ 0). Hence 


From equations (371), (372), (373), and (375) it is now apparent that 


Si (+ 1) and Ty,(+1) (376) 
On the other hand, according to equations (315) and (316), 
1 ) 
Su(+1) = +1), 
Mo 
Tult) 


The foregoing equations can be simplified by making use of the relation (Paper XI, n. 16) 
1 P(+1)P(—1) 


378 
wee... Q (1) ( 
We thus find 
+ — 
Ko 
and 


TP(F1) 
Mo 


i+ 
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2  , ( +1) (380) 
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Hence 
= +2(1 F wo) (381) 
and 
Mot. (+1) = F2(1+ mo) 4.(+1), (382) 
or, alternatively, 
2 
(14 mo) su ($1) = aa) ( 41), (383) 
and 
(1 wo) tur (1) = FI (1 ao) (4 1), (384) 


We shall find it convenient to combine equations (383) and (384) in the following forms: 


+(1 + wo) 1) (1 +1) == (1 — po) (+1) + tr (+1)] (385) 


and 
—(1—po) + (1 +o) (—1) = = 48) 1) 1)]. (386) 


We now have to substitute for sy(+1), tu(+1), sa(+1), and ¢,.(+1) according to 
equations (323), (324), (332), and (333). For this purpose, we shall write these quantities 
in the following forms: 


Siu (+1) = (®o+xoM0) Co, 1) + (@1— ximo) Ci, (+ 1) 
+ (1 wo) [+ x0Co, 1)], 

tin (+1) = (@o+xom0) Ci, 1) + (@i— x1M0) Co, 1) 
+ (1+ wo) F x0Ci, (+1) 1)], 
$a(t1) =pCo..(£1) 1) ] , (389) 


(388) 


and 
+1) =poCi,-(41) +p1Co,-(+1) Fa[Co,-(+1) (390) 


Substituting from equations (387)—(390) in equations (385) and (386), we find, after 
some lengthy, but straightforward, reductions, that 


C1 (pot pr) = Mi (v2 yimo) + — v2 + 
Ko (391) 
+ (1-4) 11 x1) 5 
— C3(pot pr) = (— vat + Bi (vs + 
Ho (392) 
+ (1 — mo) (xo— x1) 
= ai) (po— pr) +2ac,] == (1 = 18) (2 +260) (po — pi) | (393) 
= (yi + Bi — + (1 — ¥2 (xo +x) 5 


( 
hal | 
( 
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and 


2 ‘ 
(1 Lea — 2ac¢s] = (1 wo) = (bo pr) | (394) 


= (— + Bi (— + (1 — 0) (xo 20) 5 } 
where we have used the following abbreviations: 


= @o + xoMo and xibo (395) 
and 


> (396) 


Eliminating (xo — x1) from equations (391) and (392) and (xo +x1) from equations 
(393) and (394), we find 


and 


Similarly, eliminating (fo + pi) from equations (391) and (392) and (po — p:) from 
equations (393) and (394), we find 


— C143 — C143 
and 


Cay t C2¥3 — 20 — C173) 
(1 — wo) (xi + x0) = at, — + 20 + 


(400) 


t Co¥3 — 20 — C143) 
+ B wot — + 20 (Crys + | 


Finally, solving equations (397) and (398) for po and p; and equations (399) and 
(400) for xo and x1, we find that these constants can be expressed in the following 
forms: 


— po) po = —r (Bo + — , (401) 
0 

0 

(i= Mo) Xo = — (®o+xXoM0) — (403) 


and 
(1 — x1 = +45 (@o + xoM0) + (Mo — v4) (@1 — (404) 


|| 
| 
J 
| 
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where 
1 
=} 405 
1 1 
=} )| |, 406 
1 
407 
— Co¥s— +20 (Civat J’ ( 


Cari t Coys — 20 (C371 — 
 Cavs— Ca¥2 + 20 (Crvst C372) 


Also, according to equations (338), (401), and (402) (or more directly from eq. {398}), 
we have 


(408) 


Since (@o + xouo) and (@ — ximo) are already known (eqs. [325] and [326]), the fore- 
going equations complete the solution of the formal problem. 

Returning to equations (305) we first observe that, for sy(w) and ¢,(u) given by equa- 
tions (323) and (324), the constants @o + xouo, ®1 — xXiM0, Xo, and x; must enter the 
equations governing the angular distributions of the reflected and the transmitted radi- 
ations in the component / in the manner of po + qouo, pi — Gio, Jo, and gq; in equations 
(194) and (195). With the expressions for @) + xou0, G1 — xX1M0, Xo, and x1 given by 
equations (325), (326), (403), and (404), we therefore have 


Mo + 
— (jo +m) (so) + — (uo) 1} J 
and 
(411) 


+ (Mo [v3X (uo) + (Mo — v4) Y, (uo) 


where X;(u) amd Y;(u) are defined in terms of Co, :(u) and Cy, .(u) (cf. eqs. [125] and 
[126]). Equations (410) and (411) can be reduced to the forms 


Ti, (9, = X1 (mo) (1 +05 (uo + + 
Y, Y; (mo) [1 + + (412) 


—v3 (Mo +m) [Xi Vi (uo) + Yi 
and 
2 Mo 


——{X,(u) Vi (wo) [1 (Mo — — woo] 
Ho 


— V, (mu) X, (mo) [1 +75 — w) — ( (413) 


Ti (71,— = 


we 


and 


whe 


= 
an 
and 
an 
sor 
ane 
| 
con 
mit 
por 
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Turning, next, to the reflected and the transmitted intensities in the component r, 
we have (cf. eqs. [305], [332], and [333]) 


= 2 0) |3 
x [ (po — ap) A> (pi-— ap) (u) | 
and 


X [(pitau) X,(u) — Y,(u) 


_ where X,(u) and Y,(y) are defined in terms of Co, (mw) and C, (qu). Substituting for po, pi, 
| and a from equations (401), (402), and (409) in the foregoing equations, we find, after 
some minor rearrangement of the terms, 


| —v[X,(u) (uo) + Vi (410 


| oo (a) + (a) Xr (a) 

) 


| +Q (v1 — v2) [X, — VY, (mu) (mo) + (uo) ]}. 


18. The azimuth independent terms proportional to F,.—In the preceding section we 
completed the solution for the azimuth independent terms in the reflected and trans- 
mitted intensities which are proportional to F;. We shall now consider the terms pro- 
portional to F,. 

The azimuth independent terms proportional to F, in the reflected and transmitted 
intensities can be expressed in the forms 


I) (7, (-— — eS, (uw) 
(418) 

(0,4) = [S, —e- (w) | F,, 
and 


where (cf. Paper XIII, eqs. [33] and [34]) 


| 
2 
) 
) 
| 
y | 
and 
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n—l 
B=—n+1 KBK 
+n (419) 
wif? 
ABT 
= (1- + {% 
+n ( (420) 
and 


Ma (ka—1) (1 — mo) e (422) 


= 
T Yo (Ti + + %,, 1+ kau 1+ 


a=—n 
In the foregoing equations xg and k, have the same meanings as in § 18, 


1 P (uo) P po) 
C= H, 0 i, 
(mo) H,(— mo) W (uo) 


(423) 


further, we have used = 0, +1,...., +m 1, and M. (a = +1,...., +n) 
to denote the constants of integration to distinguish them from the Lg’s and M,’s of the 
preceding section. 

The boundary conditions, as usual, require that 


Sir (ui) = S,, (uj) =T,, 0 = 1 n) (424) 
By virtue of these boundary conditions we can write 


1 P(u) 


Sir O(n) Sir ; (425) 
1 P 
T i, u? Q (u) tir , (426) 
1 P(u) 1 
and 
: : | (mh), (428) 


where s;,-(u) and ti,(u) are polynomials of degree n — 1 in w and s,,(u) and ¢,,(u) are 
polynomials of Cegree + 2 in yp. 


an 


al 
Si 
in 
wl 
§ 
an 
W 
He 
eq 
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From equations (421), (422), (423), (427), and (428) it follows that 
Ser (Mo) = (14s) P(— po) (— wo) = (1— (429) 
From equations (419), (420), (425), and (426) we now have 


1 1 P (1/ xg) 


and 


1 1 P(—1/ ke) 
(1 2) w?.... Og (1/ xg) tir (— 1/ xp) (431) 


We therefore have (2n — 2) relations of the form 


P(—1/ xg) 


P(E 1/ apy (B= +1,....,+nF1). (432) 


Sir (1/ xp) = 


Since, however, s;-(u) and t;,(4) are polynomials of degree only n — 1, we can conclude, 
in accordance with theorem 2, § 4, that 


Sir (mH) =@OCo, HarCy, (433) 
and 


where @ and @j are constants and Co,:(u) and Cj,(u) have the same meanings as in 
§ 17. 

Turning, next, to equations (421), (422), (425), and (426), we have 


(am=+1,....,+) 
anc 
= — P(— 1/ke) (~1/k) | 
we... (1/k) (2-1) 1—1/k (436) 


(a= +1,....,+%). 
We therefore have 2n relations of the form 
P ( 1/ka) 


Srr (1/ ka) tre (— 1/ Ra) (a= +1 ,tn). (437) 


It will be recalled that s,,(u) and ¢,,(u) are polynomials of degree (m+ 2) in yp. 
However, it can be shown that s,,(u) — ¢,r(u) is only of degree n + 1; for, according to 
equations (421), (422), (427), and (428), 


1 
Srr =(1-4) W) Sw) | 
(438) 


(— 1)*h?.... = (e042) J 


( (1/ Sir (1/ xg) (430) 
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1 : 
(439) 
— n 2 n Yn n 
= ( 1) k?.... 24 2 Hee]. J 


And it is apparent from these equations that the coefficients of w"*? in s,,(u) and ¢,,(4) 
are the same. We may therefore write 


= (po + (pt —qreta* Ci, (440) 
an 


ter (uw) = (Pr + (po (441) 


where Pi, 93 and a* are constants and Co, ,(u) and C),,(u) again have the same 
meanings as in § 17. 
For s,,-(u) and ¢,,(«) given by equations (440) and (441) we can verify that 


+ in— 
n | » (442) 
i=1 


and 


P(w)t,,(u) = [0,4 [eg of] | 
(443) 


{ 


n 
* * n) n 2n+1 
+ — (om) Leg, | 
i=] 


where c}"), and are the coefficients of the highest and the next highest 
powers of uw in Co,, and C,, ,. 


From a comparison of equations (438) and (439) and: (442) and (443), we conclude 
that 


n 
1 1 


(444) 
~( 
and 
* + 0,7 l,r iti “0,7 ies (445) 
+ (wot 11). 
From equations (444) and (445) we readily find that 
(446) 


where Q has the same meaning as in § 17 (eq. [339]). 


1 
2 


202 
and 
\ 
t 
t 
a 
| | 
T 
I 
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Finally, from equations (429), (440), and (441), we find 


(1 — wo) 
* * 
Hy [C2 (0) —C? (0) ]W (u,) (447) 
X [P(— wo) Co, Mo) — C1, (Ho) 
and 
X (po) Co, (Ho) —P(— wo) Ci, wo) 


Now it will be observed that, among the seven constants @, @}, Po, Pty Joy 91, and a* 
which we have introduced in the solutions for s),, ti, +r, and tr, we have so far only 
three relations (eqs. [446]|-[448]). To obtain the four additional relations we proceed in 


the following manner: 
Putting u = +1, respectively —1, in equations (419) and (420), we have 


+n 
Sip (£1) = FR DY Ma (1 ba) —C (wo + po) (449) 


and 


+n 
T i, ( + 1) = (71 1) p> Ma (1 ka) e—*a1 —C (ua Mo) , (450) 


Similarly, putting « = 0 in equations (421) and (422), we have 


+n 
Ma 1) + (1 C (451) 


a=—n 


and 


+n 
(0) = Yotit Ln — > Ma (ke — 1) e + (1 (452) 


Combining equations (449)-(452) appropriately, we obtain the following relations: 


+n 
[Si (+1) Make—-C, (453) 


+n 
(+1) +7 (- 191-7, (0) = (454) 


a=—n 


+1) — Si (— +3 [Tn (4+1) 
+n +n 
>> Maka — Maka (1 — , 


a=—n a=—n 


(455) 


203 
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and 


+n 


a=—n 


+n 
(456) 


+n +n 


= —2%or1. 


We shall now indicate how the various summations which occur in the foregoing 
equations can be evaluated. Considering the summation Y¥)i.4%", for example, we have 
(cf. eq. 1435) 


Ho / he) Sr (A/a) 
“a... 


or, in terms of the function 


Ho 
9 


Now f(x) is a polynomial of degree (2 — 1) in x, which takes the values 


may ba) Se (460) 


for x = 1/ka (a = +1,...., +m). In other words, (1 — 2x*)fm(x) — 2'-™P(x)s,,(x) 
vanishes for « = 1/ka (a = +1,...., +m); it must accordingly divide W(x). This 
fact enables us to determine /,,(«). To illustrate this, we shall consider the case m = 0. 
In this case, there must exist a relation of the form 


(1 — x?) (x) +W (x) (Ax3+Bx?+ Dx+E), (461) 


where A, B, D, and E are certain constants to be determined. The constants A and B 
follow from the fact that the coefficients of 22"+# and x°"+2 on the right-hand side of 
equation (461) must vanish. We find (cf. eq. [442]) 


ke 


A= + (462) 


and 


Nex 


Fro 


and 


| 
| 
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and 
(- 1) "+1 
* * — 
r cf r )] + cS, ce), 


i=1 


B= 


Next, putting x = +1, respectively —1, in equation (461), we have 
+P(+1) s4(+1) =0. 


From this equation it — follows that 


B+E= [P (+1) Se (+1) —P(—1) Se (—1)] 


and 


Returning to equation (461) and setting x = wo and remembering that 


Srr (Mo) = (1 — ws) P(— Ho) 
we have 


(A+D)wt+B+E 


fo (wo) = woP (uo) P (— wo) — W } Amo +B 


Substituting for fo(uo) according to equation (468) in equation (459) and making use 


of the relations (360), (361), (465), and (466), we obtain 


+n 


i=1 


The other summations can be similarly evaluated, and we find 


n+1 
Mi 1 
+n 
he (—1)**! 2 


0 


205 


(463) 


(464) 


(465) 


(466) 


(467) 


(468) 


» (469) 


(470) 


(471) 


(472) 


‘ 
| 
| 
| 
— 
) 
IS 
B 
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(473) 
+, g (ae — m) > | 

+n 

(474) 


and 


+n 


i=1 


where we have used the abbreviations 


and 476) 


A relation which follows from equations (474) and (475) may be noted here. We have 


+n +n \ 
D> m,— eters — Cuz (1 — 


a=—n a=—n 


2 
Ja * [6 + ] tu, — Ta (Eto 19) 15 | 


i=1 


or, substituting for gj + gj according to equations (339) and (446), we have 


+n +n 
M, — Cy? (1 — 
(479) 


0 


Returning to equations (453)—(456), we first observe that (cf. eqs. [427] and [428)) 

1 n n 
Mi Mi Un 


n 


See (0) = 


and 


Fr 


and 


F 
|| 
Simi 
= 
nd 
: nf 
But, 


76) 


have 


+77) 


178) 


8}) 
479) 
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From equations (453), (454), (470), (471), and (479) it now follows that 


[Se (41) = +b) (480) 
0 
and 
0 


Similarly, from equations (455), (472), and (473) we have 
[Sie (+1) — — Ta (— 9] 
(482) 
= — + + 
0 


And, finally, from equations (456), (472), (473), and (478) we have 


+ + — (neo — m1) 2) [Sip (+1) (483) 
0 


—$ (Te (+1) 


+ — (mHo — 72) | 


But, according to equations (480) and (481), the right-hand side of the foregoing equa- 
tion vanishes. Hence 


(+1) +5 (— 1))- 3 (Pu (+1) (— 
(484) 
— — m1) | } 


From equations (480), (481), (482), and (484) it readily follows that 
49 Srr ( + 1 ) 


0 
4 
0 


4 r(+1 
0 


and 


2 4 be 1) 


T,(-1)=- (488) 
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On the other hand, according to equations (378), (425), and (426), 
1 FP ( es 1) Sir ( + 1) 


and 

We thus find 

and 


We now have to substitute for s;,,(+1), (+1), s,,(+1), and ¢,,(+1) according to 
equations (433), (434), (440), and (441). For this purpose it is convenient to write 
+1) and ¢,,(+1) in the forms 


$1) = (po +0 wo + (4.1) + (pt — qh uo ta* 1) 
+ (1 F mo) [+ (+1) F C+ 4+0* (1 — wd) (Co, C4 0) 


and 
tr(+1) = (po + go (+ 1) + (pr qi Mo Ax 4) is 
+(1 +4 wo) (41) C4 1)] a* (1 — (Co. 1) 


We also have 


41) =a0Co, £1) 1) (495) 
and 


tir( $1) 1) +arCo, +1). (496) 


Substituting from equations (493)—(496) in equations (491) and (492), we find, 
after some lengthy but straightforward reductions, that (cf. eq. [446]) 


* * 2 Mo 
+01) n= i C2) + B, (Moi — C2) | (497) 
2 
= (macs C4) + B, (Hos + C4) (498) 
+3(1— { (go — qt) +20 (ge +47) mol], 
i= (499) 
+ (1— (co+ 26:0) (gt +92) 


an 


wh 


f to 


anc 


and 


= 
(a 
= 
equ 
an¢ 
(50: 
= 


89) 


)1) 


)2) 


to 
rite 


)7) 


)8) 
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and 


2 
(al — OF) 5 [Me (woes — cs) — B, (Mocs + 
(500) 


+ (1— 43) 20) + 9%) 
where 71, Y2, Ys, Y4, and Cj, C2, Cs, C4, have the same meanings as in equations (396) and 
and (501) 


Eliminating — g}) + + from equations (497) and (498) and + qj) 
from equations (499) and (500), we find 


+a) (a, —%,) (502) 
1 — cay — C173 
and 
2 Mo C104 + Col 
| 
— Ca¥2) +20 (Cra + C372) ams (503) 


+B, (1+ 
Similarly, eliminating (@} + a}) from equations (497) and (498) and (@} — af) from 
equations (499) and (500), we find 
C3¥1 — ©1473 


+ 
8, ( ) 
and 


(1-48) (14+ 29 SUE 4 gt) = — 4, (Stam, AC 
05) 


ui) — +2043 +47) mo] 4) 
(504) 


Cc Cc 


Finally, solving equations (502) and (503) for a} and af and equations (504) and 
(505) for g} and qj, we find that these constants can be expressed in the forms 


* 
= 


— U2) po] — B, [wi +Q — ue) Ho] } (506) 


— U2) Ho] — B, — QO — ue) Ho | (507) 


(1 — ms) =U, + + — B, (uz + , (508) 
and 


(1— ws) qt = — AU, (us + +B, (uy + + » (509) 


|_| 
5 
= 
)5) 
)6) 
ind, 
_| 
)9) 
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where 
1 1 
Uy = )| | 51 
t Cave | (512) 
— Cy¥2 + 20 (Cryst J’ 
C24 — 
= 514 
— Cava +20 C372) ’ 
an 
Ue = Qu; . (515) 


Also, according to equations (446), (505), (514), and (515), we have 
u2) — us| %, Mo) + B, C3Y2 — | (516) 


It may be recalled that 9{, and B,, which occur in the foregoing solution for the con- 
stants, are defined in equation (501). According to equations (447) and (448) we may, 
therefore, write 


(1 wo) X, (uo) 
A, = po +40 +a* ito = ( 1)” Mn [Cz (0) (517) 
and 


B,= pt — gf wo ta* ub = (—1)" (1= 0) Ve (vo) (518) 
r 1 qi Ko Ho [cz (0) 


With this determination of the constants we have completed the solution of the formal 


problem. 

We now return to equations (418) and the angular distributions of the reflected and 
the transmitted radiations. 

It is first apparent that for s;,(u) and t,,(u) given by equations (433) and (434) the 
reflected and the transmitted intensities in the component / are of the forms 


and 


. Substituting for a} and af according to equations (506), (507), (517), and (518), we 
have 


Ti, (0, w) = (0) (0) | 


521) 
xX (uo) — U2) Moll — Y, (Mo) [ui +O — m2) Mo 


— VY, (4) (X, (mo) —Q (uy — uz) Hol] — Y, (Mo) —Q — ue) bo 


and 


( 


and 
ly 
Xx 
to t 
Th, 
|_| 
T 
| 
and 
Ir, 
| 
~ 


510) 


511) 


12) 


13) 


514) 


515) 


16) 


may, 


17) 


rmal 
| and 


) the 


19) 


20) 


), we 


21) 
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and 


—Ch 


= 3. 


Xx (u) (Mo) (lu: (us — uz) bo we (uo) [| — Q — ue) Ho 


[X, (mo) +0 Us) Ho |] — VY, (Ho) +0 (ui uz) Hol} ] 


After some minor rearranging of the terms, equations (521) and (522) can be brought 
to the forms 


2 2 
xX — mi [Xi (uo) + (u) X, (523) 
+2 [Xi (u) (uo) + Vi(u) V, (uo) 
and 


X — [Xi (mo) + Vi X, (mo) (524) 
+1 X, (uo) + Vi (Ho) 
—Q — U2) Mo + VY, (uo) — Y, (uo) | 


Turning, next, to the reflected and the transmitted intensities in the component r, 
we have (cf. eqs. [418], [427], [428], [440], and [441]) 


(-—1)* 2 2 Mo 
Ho + | «as 
X { (po — qo X,(u) — (pr taqtuta*y’) V,(u) } 
and 
Mn Mo — (526) 
X (pt — qhuta* yn’) X,(u) — (po +qeuta*n’) V,(u) }. 


We can re-write equations (525) and (526) in the forms 


Mo 
Mo + 


L,,(0, = 3 (-1)" 
(0, = (C3, -(0) -(0)] 


{ (po +96 mo us) X,(u) — (pr — uo) Y,(u) 


90 (uo + X,(u) — qi (uo +m) ¥,(u) — a* (us — (u) — 
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and ar 


Mo 


= 


x — (po +40 wo us) Y,(u) (528) 


(wo — + 90 (uo — — — [X,(u) — 


Substituting for 9}, gj, @*, + + and pt — + in accordance with 
equations (508), (509), and (516)—(518) in equations (527) and (528), we obtain 


th 
— (uo + X, (Ho) = Ho + — Vy (ao) (us + | la 


— (wo +m) V,(u)[ — X, (mo) (3+ memo) + (4+ + | (529) | Pa 


CaYe2 
an 
x [X,(u) (lf. 
and wh 
+ (Ho — X,(u) [ — X, (Ho) (143 + Mo) + V, (Mo) (4+ U5 Ho + | 
+ (wo — #) (uo) (44 — + — (uo) + (530) 
S( 
After some lengthy reductions, the foregoing equations can be brought to the forms 
an 
T,,(0, w) = X, (mo) [1 — (Ho + Ho} T ( 
— VY, V, (uo) (1 +4 (Mo + + 
wh 


+ us (Mo + IX, + VY, X, (uo) | (531) 

—Q (us — m4) — (mo) + (uo) 
—Q (us— us) wo + EX, (uo) — (Ho) 1} 


| 
SF, - 
| 
| 


vith 


iS 
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and 


— Y,(u) X, (mo) [1 — (Mo — — usu Ho] 
— U3 (Mo — (uo) + VY, (u) (uo) ] 
+ Qusumo (Mo — w)[X,(u) — VY, (uw) (uo) — (uo) ] 
—Q (us — uy) [X,(u) — (uo) + (uo) 


+0 — uy) we LX, + (uo) — (uo) 


(532) 


19. The scattering and the transmission matrices. The reciprocity principle-—The 
solutions for the various terms given in the preceding sections can be combined to give 
the complete distribution of the reflected and the transmitted radiations. The resulting 
laws of diffuse reflection and transmission can be expressed in terms of a scattering (S) 
and a transmission (7) matrix in the a (cf. Paper XIII, § 4; Paper XIV, § 2; and 
Paper XVI, Sec. IT) 


1(0; Hos go) = 75,08 93 Mo, Go) F (533) 
and 
3 
I (71; — By Mo, ¢0) Mo, go) F, (534) 
where 
T= (1h, I, U) and F= (F, F;, Uo) (535) 
and 
1 (536) 
002 


In accordance with equations (284)—(287) and the solutions obtained in the preceding 
sections, we can write 
(0) 2) 4 2) 
S(u, 9; Ho, go) mo) + (1 — (1 — wo) 93 Hos 0) (5377) 


+s” (Hy Mo» Po) 
and 


T ©; Bo» ¢0) = 7 wo) + (1 — 08) oe) \ (538) 
+7” mes oe); 
where 
1 
(ws wo) = (1 (wo + + | 
— (u) (uo) (1 (wo + amo] ¢ (539% 


— v3 (Mo + mw) [X, (uo) + Y,(u) Xi (uo) 


= | 
8) 
19) 
30) 
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0 
(4+ 4) (us wo) = +2) 


{ — [Xi(H) + (uo) | 
+ (mo) + Vi (uo) 


(540) 


+Q — U2) Ho + Yi (mo) V,(uo)]},/ 
(0) —Ci, 7! 
si Mo) = la (Ho + #) 
x [X, (Mo) + Y,(u) X 1 (Mo) 
—ve[X,(u) (uo) + Vi (mo) 
—QO(vi—ve) w[X, — (uw) (mo) + Vi (wo) 


S32) wo) =X, (mo) (1 — (oo +m) + sumo] ) 
Bo 


— Y,(u) V, (mo) (1+ (Ho + + usu mo] 

+ u3 (Mo [X, (mH) (uo) + X, (uo) 

— (Mo + X, (mH) — LX, (uo) — (uo) 
—Q (us— uy) — VY, (uo) + ¥, (po) 
+ uo [X,(u) + (Ho) — (uo) 


(541) 


(542) 


— (mH) (mo) [1 +5 (Ho — — 
+5 (uo — Xr (mo) + Vi (ue) Vi (uo) 

X — ue (Hu) (mo) + Vi (uo) 
(uo) + Yi (H) (uo) 
—Q — U2) Mo [Xi + Vi LX, (oo) — Y,(uo)]}, 

1\ 7.0) 

Mo) (0) (Mo — #) 
x {v2 [X, (u) Y; (Mo) + FY, Xi (Ho) 
[X, X (Ho) + Y,(u) (uo) 


| 
| 
| 
| (544) 
| 
| 
| (545) 
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— Y,(u) X, (wo) (1 — (uo — — Ho] 
— U3 (Mo — w)[X, (pm) X, (mo) + (uo) 
+ (Mo — LX, (mu) — (uo) — (mo) 
—Q uy) [X, (Hu) — LX, (uo) + (wo) ] 


[X,(u) + LX, (ao) — (uo) J 


(0) 


(0) (0) (0) (0) (0) 

S31 = Siz = S32 =So3 = S33 
(0) (0) (0) (0) 

T3, =T\3 =T3. =T23 =T33 =0; 


1.1 


— 4upo cos (y — go) 0 — 2u sin (yg — go) 
0 0 0 
— 2po sin — ¢o) 0 cos — 


KM Bo 


0 0 0 


4 Mo cos — 0 2ysin(¢ 
x 
— 2uo sin (¢ — ¢o) 0 cos (¢ — go) 


Ko,» $0) = (u) ( Mo) y? y? (po) ] 
KM bo 


cos 2 — — cos 2 (y — go) sin 2 (y — go) 
— cos 2 (y — go) cos 2 (g — go) — po sin go) 
uu? sin 2 — go) —psin 2 (¢— ¢o) — cos 2 — go) 


and 


2 
T” 9; wo, go) = [X™ (uw) (wo) — (w) (wo) ] 


cos 2 — go) — cos 2 — go) - sin 2 (gy — go) 
— u2 cos 2 — go) cos 2 — go) — wo sin 2 (y — go) 


— pp? sin 2 (g — go) usin 2 (gy — go) Cos 2 (y — go) 
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| (546) 


(547) 


(548) 


/ 


» (549) 


/ 
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Now, Helmholtz’ principle of reciprocity as reformulated in Paper XIII (§ 4) re- 
quires that the scattering and the transmission matrices have the following property for 
transposition: 


and 


S(u, 93 Mo, =§ (Ho, Ms Go) 
(552) 


T Ho, Go) =T (Mo, $03 


From equations (548)—(551) it is evident that the matrices S“, S$, T®, and T® 
have the required symmetries. But it is not at once apparent that the matrices S$ 
and 7“) are in conformity with the reciprocity principle; for, though the diagonal ele- 
ments of S$ and 7 clearly satisfy the necessary conditions, for the nondiagonal ele- 
ments the validity of the principle requires that (cf. eqs. [540] and [541] or [543] and 
[544]) 


, (0) —Ci, , (0) 3 (0) (0) 


From equations (405), (406), (510), and (511) defining the constants v; amd %,, it is 
seen that the condition (553) is equivalent to 


1 
or 


| C2 (554) 


On the other hand, from the definitions of the various constants y; (eq. [396]), it readily 
follows that 


t = 2 Co, 1) 1 (4+10C1 10-1) ]; (556) 


or, using the identity (105) satisfied by the C-functions in general, we have 


rivet = 2 —Ci, (0) (1). (557) 
Similarly, 
6164+ Cog = 2 (C3, (0) ,(0) ] W (1). (558) 
Hence (cf. Paper XI, eq. [133]), 
vrs _ Co. = Ci, 1(0) _ Co, (0) = Ci 19) (55) 


in agreement with equation (555). Thus our solution for S and T is in conformity with the 
requirements of the reciprocity principle. 
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MODEL SOLAR ATMOSPHERES 


Guipo:‘Mtncu 
Observatorio de Tacubaya 
Received May 1, 1947 


ABSTRACT 


In this paper the model solar atmospheres considered earlier by Strémgren have been revised, using 
the recent determination of the continuous absorption coeflicient of H~ by Chandrasekhar and Breen. The 
mean absorption coefficients have been obtained in the manner pointed out by Chandrasekhar and 
with the temperature distribution of a gray atmosphere. The values of the opacity per gram, x, the total 
pressure, p, and the electron pressure, p,, at a number of depths in the range 0.01 <r < 1.4, are tabu- 
lated for the different values of the hydrogen-metal ratio considered. It is found that the values of p 
and p, are systematically lower than those given by Strémgren, while the values of x are higher by factors 
of the order of 1.2 for layers with r > 0.02. 


1. Introduction.—The work of Bengt Strémgren on model solar atmospheres! pro- 
vides, at the present time, the most accurate foundation for the theoretical analysis of 
the outer layers of stars with spectral types between A5 and G2.? However, after this 
important work was published, there appeared two investigations which contain certain 
developments that may modify to some extent the results of his calculations. The first 
of these investigations by S. Chandrasekhar,’ deals with the radiative equilibrium of 
a nongray atmosphere, and the second, by Chandrasekhar and Breen,‘ contains values 
for the continuous absorption coefficient of the negative ion of hydrogen, which are much 
more accurate than those used earlier. Preliminary results of these recent developments 
have been pointed out by Chandrasekhar and Miinch® and have been shown to be 
highly satisfactory. The object of the present work is to compute, on the basis of the 
same developments, the model solar atmospheres and to compare them with those ob- 


tained by Strémgren. 


In order to specify our models, we shall keep most of the simplifying assumptions 
made by Strémgren. We shall suppose, accordingly, that the structure of the solar 
atmosphere is defined by the effective temperature, 7, = 5713°, the specific gravity, 
g = 2.740 cm/sec”, and the chemical composition. Furthermore, we shall suppose that 
only H~ and neutral H contribute appreciably to the opacity. Our problem is then to 
determine the temperature, 7, the total pressure, p, the electron pressure, p-, and the 
opacity, x, as functions of depth. 

2. The mean absorption coefficients of H~ and H.—It has been shown by Chandra- 
sekhar in Radiative Equilibrium VII, that the temperature distribution in a nongray 
atmosphere in radiative equilibrium, in a first approximation, is given by the expression 


(1) 


where g(r) is a certain monotonic increasing function of the optical depth 7, provided 
that we measure 7 in terms of a mean absorption coefficient, x, defined as a straight mean 
of the monochromatic absorption coefficient weighted according to the fluxes F$") of a 
gray atmosphere of the same effective temperature, 7., as the actual one considered. 


' Pub. mind. Med. Kobenhavns Obs., No. 138, 1944. This paper will be referred to hereafter as “Tables.” 
* Cf. B. Strémgren, Festschrift fiir Elis Strémgren (Copenhagen, 1940), p. 218. 
3 Ap. J., 101, 238, 1945. This paper will be referred to as “Radiative Equilibrium VII.” 
‘Ap. J., 104, 429, 1946. 
°Ap. J., 104, 446, 1946. 
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Accordingly, if x denotes the degree of ionization of hydrogen and my the mass of 
the hydrogen atom, the opacity per gram of stellar material, on account of the large 
abundance of hydrogen, can be written as 


[pea (H-) +a, (H)) , (2) 
H 
where 
a, (H-) (7) dy (3) 
and 
a, (H) = 5, f (r) dy. (4) 


In equation (3) x; denotes the monochromatic absorption coefficient of H—-, per neutral 
hydrogen atom and per unit electron pressure, after allowing for the stimulated emission 
factor; this coefficient has been tabulated by Chandrasekhar and Breen’ as a function 


TABLE 1 
THE MEAN ABSORPTION COEFFICIENTS a7(H~) AND ar(H) 
Or ar(H-) ar(H) ar(H~)/$(@) 

xX 106 
0.998 8.318 0.03 3.585 
0.991 8.082 0.05 3.592 
0.977 7.650 0.07 3.604 
0.933 6.342 0.22 3.632 
0.910 5.725 0.42 3.628 
0.891 5.235 0.70 3.620 
0.858 4.470 1.69 3.594 
0.844 4.164 2.43 3.578 
0.831 3.901 3.48 3.561 
0.808 3.460 6.42 3.525 
0.787 3.109 11.2 3.486 


of wave length and reciprocal temperature 0 (=5040°/7). Similarly, under the integral 
sign of equation (4), &) stands for the continuous absorption coefficient of one neutral 
hydrogen atom. These latter coefficients are given in a convenient numerical form in 
Strémgren’s Tables. 

In Table 1 the reciprocal temperatures, 6,, computed from equation (1), using the 
“fourth approximation” for g(r), are given. In this same table the values of a,(H~) and 


6 Op. cit., Table 7. 
7S. Chandrasekhar, Ap. J., 100, 76, Table 1, 1944. 
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a,(H), computed from equations (3) and (4) by graphical integration, are also given. In 
the last column of Table 1 we have written the values a,(H~)/$(0), where 


(8) = 4.158 K 10710 95/7 (5) 


represents the number of H™~ ions per neutral hydrogen atom and unit electron pres- 
sure. The values of the opacity of one H~ ion at different layers thus obtained should be 
compared with the constant value Cmy = 2.51 X 10~"” adopted by Strémgren in his 
calculations. 

3. The calculation of the models.—Once x has been found as a function of 7 and p,, the 
next step in the calculation of a model stellar atmosphere is to establish a relation be- 
tween p, and p which characterizes the degree of ionization of the particular mixture of 
elements considered. This mixture is specified by one variable parameter A(A > 1), 
which represents the ratio of the number of hydrogen atoms (and ions) and the cor- 
responding number for all metals taken together. Adopting the metal mixture adopted 
by Strémgren, as well as his calculations of the mean degree of ionization «y of this mix- 
ture, we can write for the number of electrons NV, per unit volume 


Nata +72 au, (6) 


where Vy is the number of hydrogen atoms (and ions) per unit volume. The total num- 
ber of particles per unit volume, on the other hand, is practically 


N=Ny(1+%y). (7) 
Therefore, the relation between p, and p is 
| 


The numerical determination of p,/p is much simplified by the use of Strémgren’s 
Tables 5, 6, and 7.8 

The complete determination of p, p., and & as functions of 7 follows from considering 
simultaneously equations (2) and (8), together with the equation of mechanical equi- 
librium, written in the form F 

(9) 


Strémgren has solved these three equations by introducing log p as the independent 
variable. However, in our case, as k depends explicitly on + (by the manner in which 
the mean absorption coefficients are taken), besides depending on @, through the ioniza- 
tion equation, it may be simpler to carry out the following iteration process. First, we 
neglect the term a,(H) in equation (2)° and write 


1—%y 


mM 


pea, (H-) . (10) 


Introducing equations (10) and (8) in equation (9) we readily obtain 


(0) _ 1/2 dr 


8 Op. cit. 
_ *It can readily be seen from the results of the calculations that the contribution of neutral H to Kk 
1s, at most, 5 per cent that of H-, in the range of depths considered. 
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as pand 7 vanish simultaneously. A first approximation to ¥(p-, 7) is obtained, by taking 


and using this value we may compute x, p, and p{ from equations (10), (11), and 
(8). With an average of the values of p{° thus obtained, we compute ¥/(p{”, 7) and intro- 
duce it again in equation (11) for the calculation of a new set of values p, p{”, and 
x. The process is repeated as many times as are necessary until we find values of the 
variables which satisfy simultaneously the relations (11), (10), and (8) within the desired 
degree of accuracy. In order to give an idea of the convergence of such an iteration 
process, we give the values obtained for log (p/p.) in the successive iterations for the 
most unfavorable case (that with log A = 4.2), at some values of 7 (Table 2). 


TABLE 2* 
VALUES OF LOG ¥(p{, r) AT SUCCESSIVE ITERATIONS 


I II III IV VI 
Oe 4.2 4.28 4.26 4.25 4.25 4.25 
nS 4.2 4.22 4.22 4.22 4.22 4.22 
4.2 2.71 3.29 3.37 3.34 3.34 


* The Roman numerals refer to the order of the iteration. 


Finally, in order to take into account the contribution of the term a,(H) to the 
opacity, we introduce equation (2) in equation (9) and obtain 


dp (0) 7 dp) 
(be , 7) a,(H-) +a4,(H) (13) 


From equation (13) it follows that 


With the values of p obtained from this formula we recompute xk and p, by means of 
equations (8) and (2). The final values thus obtained are very close to those of p, p{, 
and x. It was found, for example, that the maximum correction introduced into log 
K is only 0.02, which is of the same order of magnitude as the computational uncer- 
tainties. 

In Table 3 we have collected the results of the integrations for the values of log A used 
by Strémgren. In this table we have reproduced, for comparison, the values tabulated by 
Strémgren. 

4. Concluding remarks.—An inspection of Table 3 shows immediately that our model 
solar atmospheres differ from those of Strémgren in two main features. (a) As a conse- 
quence of the more accurate values of the absorption cross-sections of H~ now available, 
the opacity per gram turns out to be larger by factors of the order of 1.2, except in the 
extreme outer layers (7 < 0.02). At the same time the total pressure and the electron 
pressure come out systematically lower. (6) The much steeper temperature gradient pre- 
dicted by equation (1), when compared with the constant gradient used by Strémgren, 
gives steeper gradients for log p, log p., and log k. With respect to the latter point, we 
may recall that an earlier discussion by the author!’ has shown that the effect of the 


10 4p. J., 104, 87, 1946. 
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TABLE 3—Continued 


FINAL VALUES STROMGREN’S VALUES 
T 
log p | log pe | log k log p log pe | log kK 
log A =4.2—Conlinued 

4.77 0.55 9.23 4.87 0.67 9.14 
4.93 0.84 9.42 5.04 0.95 9.34 
4.97 0.96 9.50 5.08 1.06 9.41 
5.01 1.08 9.58 1:37 9.48 
5.04 1.19 9.65 5.14 1.28 9.55 
5.06 1.29 9.73 5.16 1.3% 9.62 
5.08 1.39 9.79 5.18 1.46 9.69 
5.09 1.48 9.86 5.20 1.56 9.77 
1.65 9.97 5.22 1.72 9.88 
| 5.13 1.79 0.08 5.24 1.87 0.00 


Fraunhofer lines on the temperature distribution is such that the temperature gradient 
predicted by equation (1) is not likely to be higher than the actual one and that the 
boundary temperature given by the same equation is also close to the actual one." 
It must be noticed, however, that for layers with 7 > 0.2, our values of p, p-, and 
run sensibly parallel to those given by Strémgren, for this fact implies that the upper 
limit of the hydrogen convection zone determined earlier” remains essentially un- 
changed. 

From the discussion of the preceding paragraph we may conclude that the differences 
between the model solar atmospheres here presented and those computed by Strémgren 
are most significant in the layers relevant to the formation of absorption lines. There- 
fore, it might be important to use these new models when a rediscussion of the problems 
related to the absorption lines in the solar spectrum is undertaken. 


It is again a pleasure to record my indebtedness to Dr. S. Chandrasekhar for his 
advice and encouragement in connection with the present work. 


11 Tt should be remembered that, according to the ideas of Radiative Equilibrium VIL, it is still neces- 
sary to analyze how the temperature distribution given by equation (1) is altered by the nongrayness 
of the solar atmosphere. It is our intention to come back to this question in a later paper. 


2 Cf. M. Rudkjgbing, Zs. f. Ap., 21, 254, 1942. 
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ABSTRACT 


Curves of growth for solar lines of V 1 are constructed for lines of different excitation potential by 
plotting solar equivalent widths against laboratory gf-values. The displacements of these curves yield 
an adopted excitation temperature of 5400° + 200° K, which is higher than the temperatures found 
for lines of 771 and Fet. Shapes of the transition portions of the empirical curves of growth are sys- 
tematically different. If this is interpreted as due to varying turbulence in the atmosphere, the effect 
is the same as that observed by Wright in the spectra of F-type stars: the turbulence increases with de- 
creasing excitation potential. Other tests made for the existence of turbulence are inconclusive. 


Several investigations of the solar spectrum have been made in the past, in which a 
general relationship has been established between the ¢ofal absorption or equivalent width 
of absorption lines and the relative numbers of atoms active in producing these lines. 
This relationship, called the ‘‘curve of growth,” has been derived by plotting observed | 
equivalent widths against numbers of active atoms derived from (a) the Adams-Russell 
calibration of the Rowland intensity scale,' (6) theoretical line intensities,2* and (c) 
laboratory measurements of true relative line intensities (g/-values).* Because theoreti- 
cal line intensities calculated for LS coupling are not always accurate for complex spectra 
and because these spectra with large numbers of lines in the solar spectrum usually offer 
the best observational materia! for construction of a curve of growth, the use of labora- 
tory intensity data is desirable when such data are available. 

The construction of a curve of growth for a star involves the determination of an ex- 
citation temperature for the atom whose lines are considered; it may also lead to dis- 
coveries of effects such as that which has been commonly ascribed to turbulence in stellar 
atmospheres. Moreover, if the solar and laboratory data are precise enough, small 
systematic differences in these quantities may be revealed. For example, solar lines of 
7i1 yield an excitation temperature of about 4400° K when a solar curve of growth is 
constructed from either laboratory*® or theoretical’ intensity data, whereas solar lines 
of Fei in conjunction with laboratory intensities yield an excitation temperature in the 
neighborhood of 4900° K.*° Thus, further studies of curves of growth for other atoms 
seem desirable in order to verify possible differences in the excitation temperatures. The 
present paper, based on recent laboratory measurements of intensities in the spectrum 
of V 1 by one of the authors,’ is a contribution to this end. 

The larger problem, namely, the effect of the new data on the form of the solar curve 
of growth as a whole, will be discussed by one of us (Wright) in a paper now in prepa- 
ration. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 736. 
+ Surveys and Engineering Branch, Department of Mines and Resources, Canada. 
' Minnaert and Mulders, Zs. f. Ap., 2, 165, 1931. 
2C. W. Allen, Mem. Commonwealth Solar Obs., Vol. 1, No. 5, 1934; Vol. 2, No. 6, 1938. 
3 Menzel, Baker, and Goldberg, Ap. J., 87, 81, 1938. 
4K. O. Wright, Ap. J., 99, 249, 1944. 
5 R. B. King, Ap. J., 87, 40, 1938. 
®°R. B. King, Mt. W. Contr., No. 656; Ap. J., 95, 82, 1942. 
7R. B. King, Mt. W. Contr., No. 731; Ap. J., 105, 376, 1947. 
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Observations.—All solar lines of neutral vanadium for which laboratory intensity 
measures are available were examined in the Revision of Rowland’s Table of Solar Wave- 
Lengths® and in the Utrecht Photometric Atlas of the Solar Spectrum.® Wherever the 
vanadium line seemed to be a major contributor to a solar line and where some estimate 
of the effect of other components could be made, the intensity in the Aé/as was measured, 
usually by both authors. As there seems to be little or no systematic difference between 
the Adlas measures and equivalent widths given by Allen,” the mean of all three measures 
was adopted as the solar equivalent width of a line; it was given weight 3, 2, or 1 depend- 
ing on the relative blending and the strength of the line. In this way the equivalent 
widths were obtained for a total of 169 V1 lines between \ 3376 and \ 6766 for which 
laboratory gf-values are available. The estimated probable error for both solar and labo- 
ratory intensities is about 10 per cent. 

Curves of growth.—Following the usual procedure in deriving excitation temperatures 
and curves of growth, the lines were separated into groups with approximately the same 
excitation potential. For each group, log W/) was plotted against log X;. Here W is the 
equivalent width of the line, \ its wave length, and X; is a quantity proportional to the 
number of atoms active in absorbing the line. For our purpose, since we are concerned 
at present only with relative members of absorbing atoms and the construction of 
empirical curves of growth, log X; may be defined as‘ 

log X; = log gf +log (1) 


where gf is the laboratory gf-value for the line, 7 the absolute temperature, and £; the 
excitation potential of the lower level of the line, expressed in volts. Values of log X; 
were obtained for each line by using for £; the difference between the excitation potential 
of the low level for the line and the common excitation potential adopted for its group. 
For this purpose a temperature of 4400° was first adopted because it was thought that 
the temperature for vanadium should be approximately the same as that for titanium, 
since the two elements are adjacent in the periodic table. However, a temperature of 
about 5200° was indicated for vanadium, and, for simplicity, 7 = 5040° has been 
adopted in the further calculations for small ranges in excitation potential. Thus, within 
each group, all lines were reduced to a common excitation potential for the group by 
subtracting the differences from log gf « X. 

Three of the best plots of log W/) against log X; are shown in Figure 1 for E; = 0.04, 
0.28, and 1.06 volts, corresponding to lines arising from the low terms a‘F, a®D, and 
a‘D, respectively. Those for higher excitation potentials contain fewer observations of 
weaker lines and therefore cannot be considered as reliable. For each plot, all near-by 
observations were grouped together, and weighted mean values, shown by circled crosses 
on the diagrams, were calculated. Points which were not included in these means are 
indicated by crosses. Most of the observations fit so well that it seems probable that 
those omitted contain other components in the solar spectrum, for which no blending 
correction was made. Because of the multiplicity of symbols which would be required, 
it is not practicable to indicate on the diagrams the wave-length region of the points. 
It should be mentioned, however, that there are some suggestions of systematic differ- 
ences with respect to wave length. But, since these effects are small and inconsistent 
and since they may be inherent in either the laboratory or the solar data, a discussion 
of them does not appear warranted at the present time. 

Excitation temperatures.—Since the curves of growth for different groups of lines are 
plotted for different common excitation potentials, they are displaced along the log X,- 


*C. E. St. John et al., Pub. Carnegie Institution of Washington, No. 396, 1928. 
9 Minnaert, Mulders, and Houtgast (Amsterdam, 1940). 
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Fic. 1.—Above: Curves of growth for V 1 lines arising from a‘F, a®D, and a‘D terms. Below: Mean 
curves fitted on linear portions. 
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axis according to excitation potential. To determine the excitation temperature, the best 
empirical curves were drawn through the mean points for each group of lines, and the 
several plots for different values of E; were fitted successively on that for E; = 0.28 
volt (a®D). It was noted (see Fig. 1) that the curved portions of the curves did not agree 
well; therefore two methods of obtaining a fit were used. 

In the first case the graphs were shifted back and forth along the log X,;-axis until 
the best mean fit for all points was obtained. The displacement of each curve, A log X,, 
obtained in this manner from the curve for EZ; = 0.28 volt, is given in the second column 
of Table 1, and the plot of A log X; against E; is shown in Figure 2, a. The best straight 


TABLE 1 


DISPLACEMENT OF CURVES OF GROWTH FOR LINES OF 
DIFFERENT EXCITATION POTENTIALS 


Ei A log Xs A’ log Xf Wt. Ei A log Xs A’ log Xz Wt. 
On —0.15 —0.15 45 +0.77 +0.75 2 
0.00 0.00 108 +1.56 +1.49 34 
| +0.60 +0.55 18 +2.25 +2.24 8 
(a) T=5250°K (b) T= 5475°K 
2.0- 

x 

“4 


T 


Ej 1.0 2.0 Ej 1.0 2.0 


Fic. 2.—Displacements of curves of growth for V1 lines from various low terms as a function of 
excitation potential: (a) from best fit of all points on curves; (b) from best fit of linear portions of curves. 


line through these points was determined by least squares; the slope is 5040/7 and corre- 
sponds to a temperature of 5250° + 225° K. 

A second determination of excitation temperature was made by measuring the dis- 
placements (A’ log X,) of the straight-line portions of the curves of growth at log W/A = 
—7.00. These results are given in the third column of Table 1 and Figure 2, b; they 
yield a temperature of 5475° + 215° K. 

Thus either method gives an excitation temperature greater than that found for either 
Ti 1 or Fe 1. Moreover, since the linear portions of the curves are less affected by dis- 
torting influences, the second method should yield the more reliable value. A mean solar 
temperature for lines of V 1 may be adopted as 5400° + 200° K. However, it should be 
noted from Figure 2 that there is a similar trend in each diagram; if the best smooth 
curve were drawn through the points, it would be somewhat concave, corresponding to 
a higher temperature for lines of higher excitation potential. This is a phenomenon 
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similar to that observed by W. Petrie'® for flash spectra taken at the 1936 solar eclipse. 
The observations on the plot for £; = 1.20 volts show rather more scatter than those on 
other plots; the position of this point in Figure 2 suggests that the intensities might be 
too large, but a study of the individual lines does not indicate any such trend. 

Turbulent velocities.—When the curves of growth were first plotted and preliminary 
excitation temperatures were derived, it was noted immediately that the curves could 
not be exactly superposed when shifted along the log X ;-axis. The lines of lowest excita- 
tion potential tended to rise above those of higher excitation potential on the transition 
portion of the curve, as shown in Figure 1. These discrepancies led to the different excita- 
tion temperatures derived above and seemed similar to a phenomenon observed by one 
of us in the spectra of F-type stars." In these F-type stars, curves of growth for lines of 
neutral iron indicated higher turbulent velocities for low-excitation lines than for those 
of high excitation potential; further, since this phenomenon was observed in dwarf stars 
(a Canis Minoris), it was predicted that it might be possible to observe such an effect 
in the sun. 

Accordingly, the plots for different excitation potentials were fitted to theoretical 
curves of growth which had been calculated according to various stellar models. In 
theoretical curves both ordinates and abscissae are expressed in terms of units of the 
Doppler width, which is a function of the kinetic temperature of the absorbing gas and 
the atomic weight of the element under consideration and which may be expressed as the 
root-mean-square kinetic velocity (v) of the gas atoms. For example, in D. H. Menzel’s 
theoretical curves,! log W/X + c/v is expressed as a function of log Xo, where Xo, the 
optical depth at the center of the line, may be defined by 


__ Na —Ej/kT 


In this equation N, is the total number of atoms of an element in the given stage of ioni- 
zation, and (7) is the partition function. In stellar atmospheres, » may be due to a 
combination of thermal and turbulent motions. For the theoretical curve, the ordinate 
is log W/X + c/v; for the observations it is log W/\. Therefore, the turbulent velocity 
may be found from the difference in the ordinates and, if found to vary, will be observed 
as shifts of different amounts. Such shifts will be readily detected only in the transition 
portions of the curves. Unfortunately, the lines of V 1 in the solar spectrum are relatively 
weak, and few lines reach the transition portion of the curve of growth. Further, the 
strongest lines are in the violet region and are frequently blended with other lines. 
Consequently, it is difficult to be certain that such an effect is real. The results of the fit 
of the observed curves on theoretical curves of growth for the sun are given in Table 2. 
The theoretical curves used were: (a) the curve calculated for the Schuster-Schwarz- 
schild model atmosphere, according to Menzel’s formulae” which most nearly fitted the 
empirical curve of growth for the sun determined by Wright;* (6) the same curve which 
most nearly agreed with A. Unsdéld’s calculations;!* and (c) the solar curve of growth 
calculated by Pannekoek and Van Albada™ for the Milne-Eddington model of the solar 
atmosphere. The differences between these curves are small and of the same order as 
the errors in the observations. In Table 2 are listed the values of log W/A = —6.0, 
log X; = 0.0, of the observational curves relative to the theoretical curves for the three 


models when they are superposed in the position of best fit. 


10 J.R.A.S. Canada, 38, 137, 1944. 

1K. O. Wright, J.R.A.S. Canada, 41, 49, 1947. 

12 Ap. J., 84, 462, 1936; Pop. Astr., 47, 66, 1939. 

13 Physik der Sternatmosphiren (Berlin: Springer, 1938), p. 264. 
14 Pub. Amsterdam Astr. Inst., No. 6, Part IT, 1946. 
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It is seen that there is considerable scatter in the results for the different curves. Part 
of this is real, since the theoretical curves do not agree exactly; part of it is accidental, 
since, even though the results are the mean of two or three fittings, the relatively small 
curvature of the observed curves makes a definitive fit almost impossible. The curves were 
superposed at different times, and the close agreement among the results for the same 
excitation potential seems to indicate that the differences are real. The effect for the sun 
is the same as that for the stars, namely, that lines of low excitation potential show the 
best fit with the theoretical curves when shifted to correspond to higher turbulent 
velocities. 

There are two further possible tests of the reality of this effect: 

a) If, in equation (2), v varies with £; in the same manner as Xo, an excitation tem- 
perature should be determined from the slope of the straight line drawn through a plot 
between log Xo + v and £;. For Menzel’s curve the mean value of log v was added to 
that for log Xo for each excitation potential, and the sum is given in the fifth column 
of Table 2. Since it is seen at once that there is not a smooth increase of log Xov with 


TABLE 2 


TURBULENT VELOCITIES FOR V I LINES DETERMINED FROM 
THEORETICAL CURVES OF GROWTH 


THEORETICAL (c) PANNEKOEK AND 
(a) MENZEL (6) Unséip 
log— | log]. ” 
Ei | Xo |(Km/Sec)} Xo | 2arp | | (Km/Sec)| 25 | | (Km/Sec) 
i Sa rere —4.96 | 6.67 wed 7.19 | —4.57 | 5.79 4.0 —4.51 | 6.55 4.6 
72 2.8 4.68 | 5.81 4.64 | 6.56 
5.47 | 7.03 1.0 7.05 5.09 | 6.14 3:2 5.07 | 6.86 
5.70 | 6.59 0.6 6.37 §.29 | 5.76 0.8 5.24 | 6.51 0.9 
| Sere 5.39°| 7.87 1.2 7.96 4.97 | 7.04 1.6 4.89 | 7.82 1.9 
| eae —5.18 | 8.30 2.0 8.60 | —4.80 | 7.42 2.4 —4.71 | 8.22 2.9 


E;, an excitation temperature would have little meaning. This does not, however, pre- 
clude the variation of v as some other function of the excitation potential. 

b) If there is a real difference in the turbulent velocity for lines of different excitation 
potential, it should appear in the width of the lines themselves. Because the lines con- 
sidered in this paper are weak, their true shapes should be determined entirely by the 
Doppler motions of the atoms; hence a variation might be detectable in their half- 


widths, defined as® 
= 1.665 * (3) 


Accordingly, the width (Ad) of all lines with \ > 4000 A which seemed free from blends 
was measured at the point halfway between the central intensity and the continuous 
spectrum in the Utrecht Aélas. The lines were then divided into two groups of E; < 0.30 
volts and 1.0 < E; < 1.3 volts. Unfortunately, no lines in the second group were strong 
enough to have central intensities less than 70 per cent of the intensity of the continuous 
background, and the comparison was on that account confined to the fainter lines whose 


© Unsdld, op. cit., p. 158. 
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central intensities were greater than 70 per cent. The two groups contained 23 and 20 
lines, respectively. Mean values of AX/\, which is proportional to v, were calculated 
for the two groups of lines and found to be 


(218+ 6) X 10-7 for E; < 0.3 volt 
and 
(200+ 6) X 10-7 for 1.0 <E; < 1.3 volts. 


For the relatively few strong lines in these groups the behavior is similar, but the dif- 
ferences are greater, suggesting that the lines of low excitation potential may be broader 
than those of higher excitation potential and that the effect might be more pronounced 
if stronger lines were available for study. 

Thus, although the empirical curves of growth for vanadium lines in the solar spec- 
trum suggest a real variation in the turbulent velocity for lines of different excitation po- 
tential, the remaining tests for such variation are inconclusive. As it has not yet been 
possible to detect such a change in turbulent velocity for lines of iron or titanium," the 
phenomenon must be considered as possible but not yet conclusively proved for the sun. 

However, it seems quite definite that the excitation temperature for vanadium, as 
determined from curves of growth, is greater than that for either titanium or iron, and 
therefore it does not appear unreasonable that other differences also may be detected 
in the future. 
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ON THE PRESENCE OF POLARIZATION IN. THE CONTINUOUS 
RADIATION OF EARLY-TYPE STARS 


W. A. HILTNER 


Yerkes Observatory 
Received June 26, 1947 


ABSTRACT 


Observations for detecting the presence of polarization of the continuous spectrum of early-type stars 
are presented and discussed. 


Immediately after Chandrasekhar! predicted that the laws of darkening of the con- 
tinuous radiation from an early-type star were not identical for two planes of polarization 
(with the component having the electric vector in the meridian plane showing the greater 
darkening), a program for observing the presence of the polarization was inaugurated at 
Yerkes Observatory.” The method employed was that of placing a Wollaston prism in 
front of the photographic plate of the 40-inch refractor and then obtaining a series of 
photographs of an eclipsing binary of suitable character as the eclipse progressed. Since 
the probable error of a single observation when this technique is employed is of the order 
of 0.05 mag., it did not seem probable that definitive observations would be obtained. 
The expected polarization is of the order of only several per cent because of the light 
from the secondary star. 

In November, modifications of the above procedure were introduced, in which the 
Wollaston prism was placed in front of a microscope objective, which focused the 40-inch 
objective on a photographic plate. This arrangement gave two images 0.5 mm in diameter 
and 0.7 mm between their centers. The images were uniform and permitted surface 
photometry with a transmission photometer. Each photographic plate, which contained 
as many as 36 pairs of images, was calibrated with a tube photometer. 

Three minima of RY Persei at two different position angles of the Wollaston prism 
were obtained during the past season. This eclipsing system is an especially favorable one 
because of the early spectral class of the primary star (B4) and because of the rather deep 
primary minimum (2.0 mag.). The spectral class of the fainter and larger component is 
F5. An evening’s observations consisted of setting the Wollaston prism at a preselected 
position angle and then obtaining a series of exposures as the eclipse progressed. The 
exposure time at minimum light was 90 seconds on Eastman 103a-O emulsion. The two 
prism position angles were designated as 1 and 5. Prism position angle No. 1 is such that, 
if the maximum polarization were observed at this position, the position angle of the 
plane of the orbit (assuming i = 90°) would be 152°. The No. 5 position corresponds to a 
position angle of 112°. 

The individual observations are plotted in Figure 1, and the normal points are re- 
corded in Table 1, along with their internal probable errors and the number of observa- 
tions in each normal place. The average probable error of a single observation is +0.015 
mag. and the internal probable error of a normal place is +0.003 mag. 

The question now arises as to whether or not polarization of the type predicted by 
Chandrasekhar has been observed. We will first consider the observations of Dec. 2, 
1946, 6 = 112°. In the course of the night there was a continuous linear change in the 
observed polarization. Obviously, the polarization is not in the stellar system and must 
result from an instrumental change. Small systematic errors dependent on hour-angle 
were anticipated because of flexure in the tube of the 40-inch refractor. However, the 


Ap. J., 103, 365, 1946. 2 Edith M. Janssen, A p. J., 103, 38, 1946. 
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systematic trend in polarization is independent of hour-angle (see Fig. 1). If we assume 
that a linear change in polarization resuiting from instrumental changes is present, then 
it is evident that polarization of the light emitted by the star was not observed at this 
position angle, either before second contact or after third contact. 

In considering the observations at @ = 152°, the normal places for the two nights have 
been combined. The two series agree well. If a straight line best representing the observa- 


aM 
. 
0.05 
4 1947 Jon 17 Prism position @ = 152° 
. e ¢ 
0.0 F 4 
ee é 
1946 Dec 2 Prism position nd 
Mag. 
9.8 
10.0 
10.2- 
10.4 
6.7 6.8 69 70 


Phose in days 


Fic. 1.—Observations for detecting the presence of polarization in the eclipsing variable RY Persei. 
The small solid dots are individual observations. The large open circles with a cross are normal places. 
The open circles are the normals for 2 nights when the Wollaston prism had a position angle of 152°. 
Meridian passage is marked by ¢ = 0. The curve at the bottom of the figure is a partial light-curve of 
RY Persei. Nore: the date “Jan. 17, 1947” should read “Jan. 19, 1947.” 


tions is drawn, it is found that four of the normal places fall at least 0.01 mag. from this 
straight line, a value three times their probable error. 

It is apparent that a systematic change in polarization is present and that this sys- 
tematic trend changes sign through second contact. Furthermore, this systematic trend 
again reverses sign after second contact. In Figure 1 a straight line has been drawn from 
the observations during totality to the normal place corresponding to the highest point 
on the light-curve. The changes in slope of the systematic trend are thus clearly shown. 

Thus far there is no information on the magnitude of polarization which one should 
expect for an eclipsing system like RY Per if electron scattering is important in the 
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transfer of radiation in the early-type primary star. There are two photographic light- 
curves of RY Per.* The two are not in good agreement, and an average solution was 
adopted, with k = 0.55, Zi = 0.20, and Lz = 0.80. With the aid of tables published by 
W. Zessewitsch, the difference in intensity of the component polarized with the electric 
vector in the meridian plane (4; = 0.71) and the component polarized with the electric 
vector at right angles to the meridian plane (4; = 0.63) was computed. The above coef- 
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Fic. 2.—Predicted polarization in an eclipsing system similar to RY Persei. Abscissae are in p, 
where p is the usual symbol for the geometrical depth of the eclipse. 


ficients of darkening correspond to the intensities to be expected at the limb. The com- 
putations are recorded in Table 2. The small irregularities in the computed values result 
from the limited accuracy of the tables. Figure 2 shows the predicted polarization and the 
light-curve of our hypothetical system, which is similar to RY Per. Polarization is pres- 
ent immediately after first contact and changes sign shortly before p = 0. Polarization 
then increases slowly until a maximum effect of 0.015 mag. is attained at p = —0.7. 

The computed effect is sufficiently large to be observed, and the present observations 


_ *Wolbach and Gaposchkin, Pub. A.A.S., 10, 72, 1940; Harvard Bull., No. 919, p. 24, 1941; Wood, 
Contr. Princeton U. Obs., No. 21, 1946. 


* Bull. Astr., Inst. U.S.S.R. Acad. Sci., No. 45, 1939, and No. 50, 1940. 
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suggest that polarization is present in the primary star of RY Per and that the plane of 
the orbit of RY Per, assuming i = 90°, has a position angle near 152°. However, it is the 
author’s opinion that the present observations should not be accepted as definitive but 
merely as a progress report. The problem should be attacked with a technique capable of 
giving results with a precision appreciably greater than that attained here. The tech- 
nique most likely to give the desired accuracy is a flicker method, which has been suc- 


TABLE 1 
NORMAL POINTS 


Position | Phase Probable 
Angle (Days) Error 
tions 
1946: Nov. 18:........ 152 6.698 +0.008 +0.0025 31 
Ae ee 152 6.724 + .023 .0046 22 
152 6.754 + .031 .0024 20 
r= 152 6.785 + .035 .0027 28 
SEN 152 6.818 + .022 .0009 29 
112 6.769 — .040 .0077 23 
: 112 6.833 — .020 .0034 22 
112 6.904 + .016 .0027 14 
112 6.961 + .035 .0036 19 
112 6.987 + .049 .0008 19 
Fan. 152 6.728 + .031 .0041 21 
152 6.779 + .042 .0014 25 
152 6.810 + .035 .0056 18 
6.865 +0.036 +0.0032 25 
TABLE 2 
PREDICTED POLARIZATION 
AM AM 
+ .0019 —0.1549........... + .0034 
0112 — .0027 
0.4510 0088 — .0013 


cessfully employed in the laboratory by the author’ and on observations on the moon by 
Ohman.$ Also, the telescope employed should be one which remains centered throughout 
the observations, preferably a Cassegrain reflector. Furthermore, the observations should 
be made rapidly enough so that a neighboring star can be investigated in order to have 
complete control over the systematic errors. 

5 Pub. Obs. U. Michigan, 8, 45, 1940, and Ap. J., 98, 43, 1943. 

6 Ark. f. Mat., Astr., och Fysik, Vol. 32B, No. 1, 1945. 
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SIX-COLOR PHOTOMETRY OF STARS. V. INFRARED RADIATION 
FROM THE REGION OF THE GALACTIC CENTER* 


JOEL STEBBINS AND A. E. WHITFORD 
Mount Wilson and Washburn Observatories 
Received May 20, 1947 


ABSTRACT 


A search for the nucleus of our galaxy has been made in a band of infrared radiation at effective wave 
length 10,300 A. With a photocell and suitable filter on the 60-inch reflector, the sky was allowed to drift 
with the diurnal motion across the field of a focal diaphragm 8'6 in diameter. As the intensity along each 
sweep was recorded, the star clouds and individual stars interfered somewhat, but not entirely, with the 
penetration to the background. The area of the search extended about 2° on each side of the galactic 
equator from longitude 321° to 331°, with intensive coverage within 1° of the equator and with supple- 
mentary sweeps of greater extent at selected points. The sweeps at successive longitudes usually gave 
maxima near the galactic circle, outlining a bulge extending about 8° in longitude and 4° or 5° in lati- 
tude, with center near 326°5. 

Concurrent sweeps in the red at wave length 7190 A gave a color excess on the red-infrared scale of 
+1.5 mag., equal to that of the most strongly reddened B stars in the sky. It is shown that the radiation 
cannot come from a mixture of star clouds and absorbing material like that within 1 or 2 kpc of the sun 
but must come from a more luminous object behind absorbing material. The light of the bulge, with 
maximum apparent photographic surface brightness of 25.4 mag/sq sec, adds up, when corrected for 
absorption, to a total quite comparable with the light of an equal section of the Andromeda nebula. That 
_ observed bulge is probably near the galactic center is shown by its position, form, color, and total 
ight. 


Although the idea of using radiation of long wave length to penetrate the interstellar 
absorbing material in the direction of the galactic center has probably occurred to many 
investigators, we decided early in 1945 to make the attempt with the means already at 
hand. The photocell and infrared filter of our six-color system! together have an effective 
wave length of about 10,300 A. On the 1/\ law this wave length should give less than 
half the absorption existing for ordinary photographic plates at, say, 4250 A. Estimates 
of the nature and brightness of a hypothetical galactic nucleus are, of course, purely 
speculative, but we can derive some rough figures on what to expect. If the galaxy is a 
spiral of Hubble’s class Sb like M31, the chance of detecting the nucleus is better than 
in a system like M33 of class Sc with a fainter central region. 

To estimate the apparent magnitude of the nucleus of M31 at the distance of our 
galactic center, we assume the distance of the nebula to be 250 kpc and that of the center 
10 kpc, and we allow 1 mag/kpc for the photographic absorption. The decreased distance 
corresponds to an increase of 7 mag. in brightness, which, with 10 mag. of absorption, 
means that the hypothetical nucleus would be 3 mag. fainter than the observed nucleus 
of M31. From our measure? of M31, mpg = 9.5 with a diaphragm of 42”, we then have 
Mpg = 12.5 for a circle 25 K 42” = 17/5 in diameter, or an average surface brightness 
of 27.3 mag/sq sec, quite beyond the possibility of ordinary photography. Even taking 
the nucleus alone, which E. Hubble® finds to be mpg = 14, and diameter 3”, we get 
Mpg = 17.0 over a 75” circle, or 26.1 mag/sq sec, more than 4 mag. fainter than any 
piece of blank sky in the region of the center. 

The red-sensitive plates with which W. Baade‘* has successfully resolved portions of 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 734. 
1 Mt. W. Contr., No. 680; Ap. J., 98, 20, 1943. 
2 Mt. W. Contr., No. 577; Ap. J., 86, 247, 1937. 
3 Mt. W. Contr., No. 376, p. 52; Ap. J., 69, 154, 1929. 
4 Mt. W. Contr., No. 696; Ap. J., 100, 137, 1944. 
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M31 would, of course, give a great advance in photographing the galactic center. The 
region of AX 6000-6700 A might have an interstellar absorption of something like 7 
mag. instead of 10, and another magnitude would be picked up with the color index of 
M31. The infrared will, of course, be still more favorable. The absorption at 10,300 A 
can be taken as 10 & 4250/10,300 = 4.1 mag., an improvement of 6 mag. over blue- 
sensitive plates. With this absorption, M31 would then have m; = 6.5, but this nebula 
measures 1.8 mag. brighter in the infrared than in the violet of our six-color system. The 
effective wave length of our violet measures is about the same as that of blue-sensitive 
plates. Hence we are down to m; = 4.7 for a circle of 17‘5 diameter. The largest dia- 
phragm to be used with the photometer is 8/6, giving one-quarter the area of 17/5; 
hence we have m; = 4.7 + 1.5 = 6.2 for the estimate. With allowance for central 
concentration, we should expect, then, an infrared magnitude at least as bright as 6.0 
for a circle of 8/6. We shall show that, in terms of galvanometer deflections, this magni- 
tude corresponds to 25 mm, compared with an average sky deflection of something like 
150 mm for the same area. As a further comparison, we usually get about 29 mm in the 
violet from the star NPS 4, mpg = 5.95, spectrum A3. 

An estimate of the deflection to be expected can be made more directly from our 
infrared measures of the center of M31. In 1945, with a 4/1 diaphragm, we obtained a 
deflection of 60 mm. As before, we allow 3 mag., or a factor of 16, for absorption and 
distance, and get 16 X 60 = 960 mm for a circle 25 X 4'1 = 102’ diameter. The factor 
for the 8/6 diaphragm is 1/140; call it 1/100, and we get an expected deflection of 
960/100 = 10 mm, with certainly still more allowance to be made for central con- 
densation. 

The comparison with the center of M31 is, of course, pure speculation. If we use M33 
for the estimate, we find the central region to be fainter by a factor of 10, and our hoped- 
for deflection of 25 mm is down to 2 or 3 mm, which would mean no chance of detection. 
Likewise, the total photographic absorption of 10 mag. between us and the center may be 
entirely wrong. A few dark clouds absorbing several magnitudes each would bring the 
figure to 20 mag. instead of 10. The amount of the probable interference of visible star 
clouds and individual stars in the region of the search can be determined only by trial. 

To summarize: If we assume the 1/\ law and a photographic absorption of 1 mag/kpc, 
the best to be expected in the infrared is that a central nucleus of our galaxy, like that of 
M31, could give a galvanometer deflection of 10-25 mm, compared with 100-200 mm 
from the blank sky or a star cloud. If we knew exactly where to point the 60-inch tele- 
scope, such a nucleus could easily be identified even though it was quite out of reach 
photographically. 

The foregoing advance estimates were based conservatively upon the assumption that 
the 1/X law continues linearly out to very long wave lengths and that we would have 
something like 4 mag. absorption in the infrared. In our study of reddened B stars, how- 
ever, a slightly curved, rather than a linear, relation with respect to 1/ was found.’ 
J. L. Greenstein® has shown that absorption varying as \~°-* gives the best fit over the 
observed region but that if the law were continued to long wave lengths a total absorp- 
tion inadmissible on other grounds would result. In our case the infrared absorption 
would, on such a law, be 60 per cent of the photographic absorption rather than AO per 
cent, as in our preliminary estimate. Greenstein postulated some change in the law beyond 
10,300 A. A theoretical curve of this type recently proposed by Oort and Van de Hulst* 
indicates less than 2 mag. absorption at 10,000 A for the same total photographic absorp- 
tion. This reduction from 4 mag. to 2 mag. in the absorption, or an increase of the ex- 
pected effective brightness of the center by a factor of 6, seems just too good to be true. 

We turn now to the observations with the 60-inch reflector. While for measures of the 
sky a smaller instrument with the same focal ratio, f:5, might serve, for the nucleus itself 


6 Ap. J., 104, 403, 1946. 6 B.A.N., 10, 203, 1946. 
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the advantage would be all with the large reflector if we should happen to hit the right 
spot. The procedure adopted was to select a point west of the galactic equator and, with 
the telescope stationary, let the sky drift with the diurnal motion across the field limited 
by a focal diaphragm of 19 mm or 8/6 of arc. At declination —30°, the time for a sweep 
across the field was 40 seconds, long enough to catch any object near the middle of the 
field, with galvanometer deflections at intervals of 30-15 seconds for full deflection and 
the same back to zero. With such sweeps at intervals of 6’ in declination, an object 
crossing in 20 seconds near the edge of the 8/6 field might be missed, but any detectable 
nucleus would probably have an appreciable angular diameter. 

The tests were begun in July, 1945, necessarily in the dark of the moon. At first, we 
tried continuous exposures for several minutes between readings for the zero, but this 
procedure was soon given up because we needed a check on the strong radiation’ at 
10,440 A, which was giving most of the effect and which varies erratically in the course 
of a night. The brighter Durchmusterung stars were identified either at the time or later 
by comparison with a DM chart. Whereas a late K star of visual magnitude 9.0 might 
cause a galvanometer jump of 40 mm, an equally bright A star would give only an im- 
perceptible jump of 1 or 2mm. When several stars in groups or in rapid succession mixed 
up the record, the general behavior of the region could be established by adjacent sweeps. 
The method of observation was rather tedious, 30-80 galvanometer readings at 15-second 
intervals without stop, but perhaps no worse than for long-exposure photography. 

In the first season the area of about 1° on each side of the galactic equator was pretty 
well covered from declination —27°0’ to — 30°30’, or galactic longitudes 329°1 to 324°9, 
The ordinary southern limit of the 60-inch is about declination — 28°; but, by removing 
the cover of the mercury trough, the instrument can be pushed to — 30°31’ near the merid- 
ian, with an additional 6’ available in the double-slide holder at the Newtonian end. In 
1946, longer sweeps, extending about 2° each side of the galactic equator, were made at 
intervals of 30’ in declination. With the 100-inch reflector the search was extended at 
intervals of 1° down to —34°0’, longitude 320°7. During this second season a number of 
much longer sweeps, up to 20 minutes in time, were also taken with the 60-inch on near- 
by star clouds, as well as various additional duplicate sweeps with a red filter to check 
the colors. 

The procedure is best illustrated by sample traces of the sweeps. In Figure 1 
are shown pairs of infrared and red traces for the declinations — 29°30’ and — 30°30’. 
The conspicuous radiation at 10,440 A made the infrared deflections five or six times 
those of the red. The time scale is fixed by the star, HD 160108, m, = 6.8, spectrum KO, 
which caused the sharp peaks at 0 minutes. Other peaks or “bumps” are likewise syn- 
chronous in the two colors. The times of crossing the galactic circle are marked by the 
vertical lines at —3 and —6 minutes, respectively. 

At the outset we note that the HD star is not very red. The deflections are 17.0 and 
13.1 mm, giving an uncorrected A mag. of R — I = +0.28 mag. We allow —0.06 for 
differential atmospheric extinction and —0.14 to ‘‘normalize” the colors measured that 
night, and get R — I = +0.08 mag. on the standard system of six colors.’ This value 
corresponds to spectrum gG3 or dK1 on the Mount Wilson system; hence the star is 
probably a dwarf. The giants begin to show space reddening at this low latitude. At both 
declinations the infrared sweeps show an apparent “‘bulge” of about 20 mm close to the 
galactic equator, the smoother one at — 30°30’ being 12 to 14 minutes or, say, 3° long. 

The bulge in the red is much smaller in each pair. By taking the mean of three to 
five points near the maximum and the same at 5 or 6 minutes before and after the 
maximum of each trace, we get the effective deflections corresponding to the bulge. 
The ratios of these deflections are I/R = 18.2/2.6 and 20.2/3.6, respectively, for dec- 


7 Mt. W. Contr., No. 703; Ap. J., 101, 39, 1945. 
8 Mt. W. Contr., No. 712; Ap. J., 102, 318, 1945. 
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linations — 29°30’ and —30°30’, or A mag. = 2.1 and 1.9, with a mean observed 
R — I = 2.0 mag. Allowing, as before, —0.2 mag. for reduction to standard, we have 
R — I = +1.8 mag. on the six-color system. 

A good sample of the central region of our galaxy is the great star cloud in Sagittarius, 
which W. Baade® has shown to be almost certainly the outer portion of the galactic 
bulge and to lave a stellar population of his type II. We have measured the green and 
red colors of this cloud in the immediate vicinity of the globular cluster, NGC 6522, at 

= 328°2, b = —3°9, and find the G — R index for the cloud and cluster to be the 
same within 0.01 mag. Hence, assuming the color of the center to be the same as that of 
unobscured globular clusters, we have from four clusters (unpublished measures) 
R — I= +0.15 + 0.02 mag. (p.e.). Another check is with the nuclei of other galaxies; 
four Sb spirals give R — I = +0.45 + 0.03 mag. Since these spirals may have some 
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Fic. 1.—Infrared and red sweeps near the galactic center. The times of crossing the galactic equator 
are marked at —3 minutes and —6 minutes, respectively. 


internal space reddening, we really prefer the +0.15 mag. from the star cloud; but, for 
lack of anything better, we take the rough mean from clusters and spirals, R — I = +0.3 
mag., which, combined with the observed +1.8, gives for the color excess of the galactic 


bulge, 
E,-; = +1.5 mag. 


This excess indicates strong reddening of the source, whatever it is. We note that the 
inferred E,_; equals the actual space reddening only if the intrinsic color of the source is 
uniform along the region of the traces. If the middle is redder, the space reddening is 
less than E,_;. We can dismiss the possibility that the middle is intrinsically bluer than 
the margins. 

A number of these sweeps are illustrated in Figure 2, in which the diagram is super- 
imposed upon a photograph from the Ross Atlas. The co-ordinates are for 1900. The 
size of the 8'6 diaphragm is indicated by the small circle around the bright star at 
17*25™6, —26°2. Since the sweeps were taken at intervals of 6’ in declination and the 


9 Pub. A.S.P., 58, 249, 1946. 
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Fic. 2.—Infrared sweeps near the galactic center. The maximum of each curve is placed opposite the 
corresponding declination. Scale: 20 mm in galvanometer deflections equal 0°5 in declination. 
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diagram shows only those on the whole degrees, over much of the region there are nine 
other sweeps for every one shown. The maximum of each trace is placed opposite the 
corresponding declination, and the vertical scale for deflections is taken as 20mm = 0°5 
in declination. The degrees of longitude are marked on the galactic equator of the Lund 
tables; pole at 12540™, +28° (1900). Note that when a curve goes down, the point 
measured is not where the curve is but up at the level of the maximum. In general, the 
plotted points, joined by straight lines, are the means of three observed deflections. 
When a known Durchmusterung star gave a peak in the trace, that point was discarded, 
but for clouds and unidentified stars the deflections were averaged uniformly, three at a 
time. 

Most of the traces show some sort of maximum near the galactic equator. Consider 
the longer curves for — 28° and — 30°; these ran for 35-40 minutes and hence were taken 
in two sections. Each trace shows a minimum to the left of the equator and then a sharp 
rise at the edge of the great cloud—undoubted evidence that the visible foreground is 
contributing to the effect. On the other hand, in the trace at —30° the minimum in the 
obscured region at 10 or 12 minutes to the left of the equator is matched by the intensity 
at the same distance on the other side in the midst of star clouds. Similarly, at —28° 
the maximum is in a fairly dark area which measures brighter in the infrared than the 
apparently much brighter cloud to the right. On the photograph there are many such 
examples of apparently bright regions which are dark in the infrared, and vice versa. 
The bulge near the equator seems to be gone at — 34°; also up at — 25° little is left of it. 

The oval figure (Fig. 2), some 8° X 3°5 in dimensions, with center at ] = 32695, is 
drawn not as an isophote to indicate the probable form of a hypothetical bulge, but 
rather to give a basis of reference. On the left or eastern side this oval curve connects 
fairly well a series of minima in dark regions running parallel to the equator; but on the 
other side, in the bright clouds, the same infrared intensities are usually reached, if at 
all, at greater distances from the equator. Obviously, we should have a series of sweeps 
in at least two colors, each extending over about an hour in right ascension, but the 
observational technique will have to be modified to secure them. 

In the first summer, rightly or wrongly, we covered quite solidly the area from 

= 325°-330° within 1° of the equator, on the chance not so much of hitting upon the 
nucleus itself as of finding a bright central core which would indicate where to intensify 
the search. When it became evident that something much larger was developing, we 
extended the limits as shown in the figure and added the red sweeps. Shorter wave 
lengths, like green and violet, give such small deflections, even for the star clouds, that 
the accidental errors become predominant. 

The photographic surface brightness of the bulge should be close to the computed 
value for our violet filter. From the 20-mm deflection in the infrared and the reduction 
of R—I to V —I, allowing for the curved law of reddening, together with check 
measures on a polar star, we get 25.4 mag/sq sec, in terms of an AO star at the zenith. 
When this figure is compared with 21.8 mag/sq sec for the apparently darkest piece of 
blank sky in the neighborhood, near 17524™, —26°2, we see how little chance there is of 
photographing such a large faint area with blue-sensitive plates in a field so messed up 
by star clouds. With infrared plates the situation is, of course, not so unfavorable. It 
may well be that such plates, if pushed to the limit, will show in greater detail what 
seems to be indicated in its broad outlines by the photoelectric measures. In particular, 
if individual stars of known type can be resolved, then photometric distances can be 
derived and a much better three-dimensional model obtained. 

Taken by themselves the traces in Figure 2 may not furnish convincing evidence that 
they outline something near the galactic center; the minima on the left side of the 
equator could be simply the effect of a local dark lane. We are well aware of the possibility 
that to attribute the series of maxima to a galactic bulge may be merely wishful thinking; 


| 


240 JOEL STEBBINS AND A. E. WHITFORD 


but when we change from measures in one color to measures in two colors in that region, 
the matter appears in a different light. Before making conclusions from the color excess, 
E,-; = +1.5 mag., derived from the traces in Figure 1, we must remember that the 
space reddening of a cloud of stars mixed in with absorbing material is quite different 
from the reddening of a cloud or of individual stars all behind such material. 

Consider a region of space within a small solid angle centered at the observer. With 
no absorption and a uniform distribution of stars, each element of volume of thickness 
dx, on the law of the inverse square, will send the same amount of radiation, call it 
a dx, to the center. With absorption corresponding to transmission, p, per unit distance, 
the total radiation, LZ, received from the volume out to distance x then becomes 


log p 


L= (1) 


The same reasoning holds whether the observer is in the cloud or is viewing a distant 
galaxy. In this calculation the contribution of scattered radiation to the received energy 
is neglected. The reddening of the stellar radiation before it reaches the volume element 


TABLE 1 
SPACE REDDENING OF A STAR CLOUD 
OorT AND VAN DE 
Law Hutst Law 

V-I R-I V-I | R-I 
Amar. 102. 0"97 042 1™56 059 
0.99 0.44 1,75 0.75 
6.0 2:0 8.0 2.0 


dx will counteract the bluing effect of the scattering process and give a color for the 
added contribution to the surface brightness of the element dx which is not very dif- 
ferent from that of the stars alone. 

For illustration, we apply the relation (1) to our galaxy by assuming a photographic 
absorption, Apg = 1 mag/kpc, the same as for our violet wave length, and also by 
assuming red and infrared absorptions corresponding to the 1/A law. Next we try the 
law of Oort and Van de Hulst,® which gives greater transparency for the long wave 
lengths. Since these guesses on the absorption are merely for illustration, we can adopt 
the rough figures for red and infrared as 0.60 and 0.40 mag/kpc, respectively, for the 
first law, and 0.40 and 0.20 mag/kpc for the second. Inserting the proper quantities in 
equation (1) and converting to magnitudes, we compute the values in Table 1. Con- 
sidering, first, the figures under the 1/d law, we see that the A mag. for 10 kpc under 
V — Land R — I, 0.97 and 0.42, respectively, are nearly as large as the 0.99 and 0.44 
for infinite distance. As we gc cutward, the cloud soon becomes practically as red as it 
will be, owing to the small con ribution of the more distant regions. Our observed color 
excess of the bulge, E,; = +1.5 mag., is not much less than the 2.0 mag. of R — Lin 
the last line of the table, or the total reddening in an optical path of 10 kpc. Therefore, 
with a photographic absorption of 1 mag/kpc, the reddening we observe cannot come 
from a few kiloparsecs of a uniform cloud but must be traced to a brighter luminous sur- 
face behind the absorbing clouds. This brightening could result from a progressive in- 
crease in the ratio of luminous to absorbing material toward the center of the galaxy. 
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The same remarks apply, though in lesser degree, to the figures under the Oort and Van 
de Hulst law in Table 1. 

From the ratio of the observed to the computed excess in R — I, we have 10 X 
1.5/2.0 = 7.5 mag. for the minimum photographic absorption at 10 kpc according to 
either law; the corresponding infrared absorptions are 3.0 and 1.5 mag., respectively. 
Whether or not these values are plausible depends upon other evidence. Since we have 
no good direct comparison of our R — I scale with the International scale for space- 
reddened stars, there is little advantage in attempting to convert £,; into Eine and 
thence to total photographic absorption for the galactic bulge. The ratio of the scales 
depends upon the very law of space reddening which is still in doubt. From a dozen 
bright stars of the North Polar Sequence we have Cint/(R — I) = 1.45, but this ratio is 
considerably smaller for space-reddened than for temperature-reddened stars. On the 
other hand, we do have a good determination of the scales of V — Iand R — I for space- 
reddened B stars, Ey-i/E,-; = 2.91 + 0.025 (p.e.). This value is near that from Table 
1 under the 1/A law, 6.0/2.0 = 3.0; hence with the observed E,_; = 1.5 we have 
Ey; = 3 X 1.5 = +4.5. Since this value is 0.75 X 6.0, the V — I in the table, the 
total absorption in the violet is 0.75 X 10; or A,, = 7.5 mag. for the total photographic 
absorption at the center of the bulge. 

With this absorption and the apparent maximum surface brightness of 25.4 mag/sq 
sec, we Can estimate the total magnitude of the bulge. From an inspection of Figure 2 
we guess that the radiation from the oval area may be represented by that from a rec- 
tangle 6° X 2° of intensity corresponding to 10 mm, or about half the maximum deflec- 
tion. This guess can easily be wrong by a factor of two. The total for this area in square 
seconds, then, is 25.4 — 19.7 = 5.7 for the apparent magnitude, or 5.7 — 7.5 = —1.8 
for the unobscured magnitude of the bulge. At the distance of M31 the 8° length of the 
oval would reduce to 21’, and, changing from modulus 15 for 10 kpc to apparent modulus 
22.4,'° we have mpg = —1.8 + 7.4 = 5.6 for the bulge if observed from that distance. 
By a peculiar coincidence, Whitford’s!" value for M31 with a 24’ diaphragm was also 
NMyg = 5.6. This coincidence is, of course, merely the result of a happy combination of 
numerical values; we could change the figure for the galaxy by a magnitude either way, 
though on the whole we should prefer to make it brighter rather than fainter. Never- 
theless, the brightness of the assumed central region of our system does come out com- 
parable with that of M31, and not vastly different. 

We now take up some objections to the conclusion that the light from our so-called 
“bulge” comes from a source as far away as the center. The two reddest B stars we found 
in our 1332 list” give the following data: 


HD 166734, m, = 8.8, Spec. BO, = + 0.61, = +1.39. 
HD 169034, m, = 8.6, Spec. BO, E, = +0.67, E,-; = +1.59. 


The mean £,_; of the two is +1.5, exactly the same as that of the bulge. But, with the 
allowance of 7; for absorption and the assumed visual absolute magnitude of —5.5 for 
supergiants, these stars show distances of only about 1 kpc each. True, they may in- 
dicate only a local cloud near longitude 346°, some 20° along the galactic circle from the 
assumed position of the center; but three or four other B stars within the area of our 
search have color excesses of about 1.0 mag. in R — I, with distances not more than 
2 kpc. Whether this reddening is caused by local clouds or by absorption in a uniform 
thin layer near the main galactic plane, the chances of getting anything through from a 


'W. Baade, Mt. W. Contr., No. 697, p. 4; Ap. J., 100, 150, 1944. 
" Mt. W. Contr., No. 543, p. 7; Ap. J., 83, 430, 1936. 
2 Mt. W. Contr., No. 621; Ap. J., 91, 20, 1940; also Mt. W. Contr., No. 680; Ap. J. 98, 20, 1943. 
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distance of 10 kpc would seem pretty slim. There are plenty of other reasons for thinking 
that the center will be difficult to reach; but, since we are dealing with unknown dis- 
tributions toward the center of both stars and absorbing clouds, as well as with an 
unknown law of absorption, any conclusion we make can be quickly overturned by 
further data. Taken at face value, however, the observations here reported seem to 
suggest that the total absorption toward the galactic center fortunately may not be so 
great as might have been surmised and that considerable information about this impor- 
tant region of our stellar system may be derived by studying the infrared radiation 
which it emits. The longer the wave length used, the greater the penetrating power and 
the better the contrast with the foreground. In the near future we hope to apply a re- 
ceiver sensitive at 2 uw. Until that is done, further discussion may be held in abeyance. 

To summarize: although the space reddening observed in the galactic bulge is equaled 
in B stars not more than 1 or 2 kpc distant, the location of the bulge, its general outline, 
and its total light give a strong suspicion that we are actually detecting something near 
the galactic center. A change in the wave length used, from 1 to 2 uw, would probably 
settle the question. 


We are indebted to Mr. Arundale Vrabec for assistance at the telescope throughout 
the season of 1945. This investigation was supported in part by the Research Committee 
of the Graduate School of the University of Wisconsin, from funds supplied by the 
Wisconsin Alumni Research Foundation. 
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AN INFRARED STELLAR SPECTROMETER* 
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Received June 23, 1947 


ABSTRACT 


A stellar spectrometer which was built for the interval 3-3 « is described. The receiver is a recently 
developed PbS cell, and the amplifier system was designed for the purpose. Sample spectral records are 
reproduced. 


I, INTRODUCTION 


The present paper found its inception during a meeting of the three authors late in 
1945. During his work in Germany, Mr. Kuiper had been impressed by the astronomical 


possibilities opened up by the new PbS cells. The development of these cells in the . 


United States had been carried out by Mr. Cashman, who had also appreciably increased 
their sensitivity. During the meeting, Mr. Kuiper suggested that a stellar spectrometer 
be built for the McDonald Observatory; Mr. Cashman offered his co-operation in supply- 
ing the cell; and Mr. Wilson ugreed to design and build the amplifying system. 

The figures on wave-length response of the PbS cell and the modulation frequency 
were declassified in 1946, when Mr. Cashman presented a paper to the American Optical 
Society.! Further data were announced in a report entitled “‘Photodetectors for Ultra- 
violet, Visible, and Infrared Radiation.’ Cells cooled with dry ice (—78° C) are sensi- 
tive for \ < 3} uw. At the maximum, between 2 and 3 yu, the signal equals the noise for a 
signal strength on the receiver of about 10~ watt/sec; it is assumed here that the size 
of the receiver is a few square millimeters. For an uncooled cell the threshold is near 
3 uw, and the over-all sensitivity less by a factor of roughly 3 or 5. The most favorable 
modulation frequency for uncooled cells is near 1000 cps, but the maximum is rather 
flat. For comparison, the best thermocouples and bolometers will record 10~* watt/sec 
(signal equals noise). 

The spectrometer, exclusive of the amplifier, was designed by Mr. Kuiper, who wishes 
to acknowledge valuable suggestions from Messrs. Van Biesbroeck and Ridell. The in- 
strument was built by Mr. Ridell in the Yerkes Observatory shop and was completed 
in November, 1946. The collimator and camera mirrors were made by Mr. Pearson in the 
optical shop. The prisms were those of the original Bruce spectrograph of the Yerkes Ob- 
servatory.? We used Jena prisms Nos. 1 and 3 after they were found to be satisfactory 
(0.01-mm definition for 25-cm focal length); prism No. 2 was considerably less satisfac- 
tory. The transmission of these prisms up to 2} yu is fairly good.* From 23 yu to the sensi- 
tivity threshold of the cell, astronomical observations are made impossible by the ex- 
tremely heavy atmospheric band X due to water vapor. Since the stellar energy-curves 
have very little energy beyond 3 u, the present spectrometer is ideally suited for the 
Investigation of infrared stellar spectra beyond the photographic range. 

The co-operation between Northwestern University and the University of Chicago 


* Contributions from the McDonald Observatory, University of Texas, No. 139. 
‘Jour. Amer. Opt. Soc., 36, 356, 1946. 
*R. J. Cashman, Proceedings of the National Electronics Conference, Chicago, September, 1946. 
*E.B. Frost, Ap. J., 15, 16, 1902. 
‘ Smithsonian Physical Tables (8th ed.), Table 438, heavy flint, 0-469, or O-102. 
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was further extended by the participation of Mr. Wilson in the observations at the 
McDonald Observatory for a 10-day period, starting December 16, 1946. 
Section III of this paper is written by Mr. Wilson; the rest by Mr. Kuiper. 


II, DESCRIPTION OF THE SPECTROMETER 


The optical train is shown in Figure 1, which gives a vertical cross-section of the in- 
strument as attached to the telescope. The F ratio at the Cassegrain focus being about 
1/14, a 4° beam enters the slit and is reflected by the collimator, consisting of an off-axis 
paraboloid with focal length of 690 mm. The diameter is 56 mm; the center is 61 mm off- 
axis. The collimated beam is 50 mm in diameter, passes through two heavy flint prisms 
(Jena O-102) and is brought to a focus by an off-axis parabolic camera with F = 250 mm, 
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aperture 78 mm, and its center 50 mm off-axis. Evidently, the particular wave length 
leaving the prisms in a direction parallel to the camera axis will be focused without dis- 
tortion. By rocking the camera about the focus of the paraboloid, all wave lengths are 
focused successively at that point. The PbS cell is therefore placed with its sensitive 
strip at the focus of the camera. A scan mechanism is provided, driven by a synchronous 
motor with three gear shifts for different scanning rates. For the interval 9000—29,000 A 
the three scan intervals are about 40 seconds, 2} minutes, and 10 minutes. The length of 
the spectrum from 9000 to 29,000 A is about 26 mm at the focus; with an effective 
receiver width of } mm, one hundred independent signals are obtained and the approxi- 
mate resolution, \/AA, is 80. 

The radiation falling on the slit is interrupted 1080 times per second by means of a 
rotating sector having 36 teeth, mounted directly on the shaft of an 1800 r.p.m. syn- 
_ chronous motor. The distance between the sector and the slit is about 6 mm, making 
the diameter of the stellar beam about 3 mm at the place where it is cut. The teeth of 
' the sector are about 3 mm wide and are separated by equal spaces; therefore, the modu- 
lation of the admitted radiation is nearly a square wave, which is advantageous. For 
mechanical reasons it was not possible to bring slit and sector closer together. 

The adjustment of the mirrors is made by push-and-pull screws, to which doors in 
the outer frame of the instrument give access. The adjustment was made by ray-tracing 
and needed to be made only once. When the instrument is in operation, the sector is kept 
running while the motion of the scan is controlled by two switches, one on and off and 
one forward and backward (see Fig. 1). When a scan is completed, a microswitch cuts it 
off automatically. A normal spectral run consists of one scan with increasing wave lengths 
and one with diminishing wave lengths. If the intensity of the source is unknown before- 
hand, a trial run is made with the fast scan, in order to give the maximum reflection a 
suitable value. The guiding microscope is provided with a reticule. The slit can be limited 
both in length and in width by measured amounts, including a complete cutoff for the 
dark reading of the cell. 

The motor compartment is kept away from camera and cell and is attached directly 
to the heavy base plate and the telescope itself. This minimizes the transmission of 
mechanical vibration to the cell, which otherwise might raise the noise level. Another 
favorable factor is the high modulation frequency of 1080 cps, much higher than the 
motor frequency of 30 cps (1800 r.p.m.). 

The motor compartment is shown in Figure 2. The arm surrounding one prism is a 
counterweight, not shown in Figure 1, which puts the center of gravity of the camera 
unit in its axis of rotation. The spring tension is now independent of the orientation of 
the instrument. 

Finally, the several compartments, made of }-inch aluminum, provide adequate elec- 
trical and magnetic shielding. It is found, in fact, that the motors have no effect on the 
noise level of the cell. Also, the heat of the motors is moved upward by convection 
through a 4-inch hole in the base plate, leaving the cell unaffected. The whole interior of 
the instrument is blackened. At first, the mirrors were coated with aluminum, and the 
observations described below were so obtained; more recently silver has been used for 
increased infrared reflectivity. 

At first, it was planned to use a PbS cell cooled with dry ice (7. = —78° C), which 
would have increased the signal-to-noise ratio by a factor of at least 3, as compared to 
an uncooled cell. The design made enabled the observer to take the cell mount out of the 
spectrometer for a periodic refill. Later the plan was temporarily dropped in favor of an 
uncooled cell which could be left in place. It is hoped that in later work the extra magni- 
tude or more can be recaptured. 

The sensitive strip of the cell measures roughly } X 13 mm, corresponding roughly 
to 1 X 43 mm, as measured on the slit. By using different slit widths on an extended 
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source, it was found empirically that no gain in resolution was obtained by diminishing 
the slit width below 0.7 mm. This corresponds to a stellar image of 5” in diameter. Since 
the stellar image, except under conditions of exceptionally poor seeing, is smaller than 
5”, the spectrometer may be used in slitless form except under the worst seeing condi- 
tions. It was found that for stars a slit width of 13 or 2 mm was most advantageous. 
For a narrower slit the very faint extensions of the image, varying with the seeing, 
would be lost and would give spurious fluctuations of the order of 1 or 2 per cent. The 
sensitivity of the cell along the strip is not entirely constant, having a broad maximum 
in the center. A stellar image therefore has to be kept within about 10”, or the signal will 
suffer some reduction in amplitude. 

It is noted that only the radiation entering the slit is modulated and able to produce 
a signal. The spectral record was found to be remarkably clear; scattered radiation does 
not appear to exceed 0.001 of the average level of the continuum. 


III. THE AMPLIFYING SYSTEM 


The function of the amplifier is to provide sufficient gain and selectivity at the modu- 
lation frequency of 1080 cps to enable the amplifier output to operate a 1-milliampere 
Esterline-Angus paper-strip recorder and give the maximum signal-to-noise ratio con- 
sistent with desired speed for sweeping across the spectrum from about 0.8 to 23 wu. The 
maximum gain is sufficient to show plainly the thermal noise generated by a 1-megohm 
resistor in the input circuit. 

The amplifier system consists of two units, a pre-amplifier, giving a gain of some 300 
times, which is located on the spectrometer itself, and a main amplifier containing the 
regulated power supply. These units and the paper-strip recorder are connected with 
cables of convenient length. 


THE PRE-AMPLIFIER 


The circuit diagram of the pre-amplifier is shown in Figure 3. The output of the PbS 
cell is coupled to the high-gain 1620 pentode by means of a conventional resistance- 
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Fic. 3.—Wiring diagram of pre-amplifier 


capacitance coupling network, and the potential for operation of the cell is adjusted for 
maximum signal-to-noise ratio. Inasmuch ds PbS cells produce a current-sensitive noise 
which is in excess of their thermal noise, there is no loss in the signal-to-noise ratio due to 
this type of input coupling. At all times the amplifier output noise is substantially that 
originating in the cell itself. A cathode-coupled output stage is employed to enable the 
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signal to be transmitted without loss over the connecting cable to the main amplifier. 
The output impedance of the pre-amplifier is about 500 ohms. The voltage gain of the 
pre-amplifier is 300 times. 

THE MAIN AMPLIFIER 


The circuit diagram of the main amplifier, together with the regulated power supply, 
is shown in Figure 4. Following the gain control, a buffer amplifier, consisting of a triode- 
connected 6SJ7 tube, is employed. This stage has a gain of about 10 times and serves 
principally to isolate the selective section from the gain control, in order to insure that 
the selectivity will not be a function of the gain setting. 
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Fic. 4.—Wiring diagram of amplifier 


The selective section of the main amplifier consists of the LC circuit and two stages 
of high-gain pentode-connected 6SJ7 tubes, which are heavily degenerated, for high 
stability, by means of an inverse feed-back network connected into the 2200-ohm cathode 
resistor of the first pentode 6SJ7. The LC circuit provides the selectivity, and, by means 
of the control, R, the Q of this LC circuit can be varied. As R is advanced, positive feed- 
back is increased across the LC combination. This is equivalent to loading the LC circuit 
with a controllable negative resistance and thus enables the inherent selectivity of the 
circuit to be increased. With this arrangement the selectivity can be varied from a band- 
width about 200 cps wide down to one only 0.5 cps wide. The band-width is measured 
as the total width when the signal is 6 db down from the peak. At maximum selectivity, 
the gain of the selective section at 1080 cps is 10‘ times. This provides a total gain from 
the PbS cell to the output of the selective section of 300 X 10 X 10 = 3 X 10’ times. 

The output of the selective section then feeds a vacuum-tube voltmeter, which is ca- 
pable of supplying 1 milliampere to the recorder when 2.5 volts alternating current are 
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applied to its input. The vacuum-tube voltmeter consists of a dual triode 6SN7GT and 
a full-wave 6H6 rectifier, so connected that about 20 db of negative current feed-back 
results. This vacuum-tube voltmeter gives an output direct current which is proportional 
to the input alternating-current voltage up to slightly over 1 milliampere. The output 
saturates at about 1.5 milliamperes and thus offers an automatic protection for the 1-mil- 
liampere meter movement. 

When the recording meter is connected directly to the vacuum-tube voltmeter, the 
signal-to-noise ratio of the record will be a function of the band-width of the amplifier 
system. Further, the record may be smoothed by lengthening the period of the meter; 
this is done by means of a large capacitance condenser shunted directly across the meter 
terminals. 

IV. FIRST OBSERVATIONS 


During the first observations, the scanning interval was set for 0.9-3 ». A number of 
the records obtained are reproduced in Figures 5—6.° Their date is December 20, 1946. 
A 100-mfd condenser was placed in parallel across the meter terminals; the period of 
the system was about 1 second, and the resolving power about 80. Some records were 
made with the 23-minute scan, others with the 10-minute scan. Each record shows a solid 
line at the base, representing the zero level of the meter, and a dashed line higher up, 
representing the noise level. A high noise level indicates a high gain and will increase the 
random fluctuations in the signal. 

The solar spectra (Fig. 5, a, 6) show the bands of H20, CO2, and Os», familiar from 
Langley’s and Abbot’s bolograms. Mercury (Fig. 5, c) shows the 1.6-u, and particularly 
the 2.1-u, region strengthened over the solar spectrum (Fig. 5, a), indicating either the 
presence of planetary heat or greatly increased albedo. Subsequent studies of the moon 
in the infrared have indicated that the albedo of dark regions tends to increase somewhat 
in the infrared; planetary heat is probably responsible for most of the increase for the 
2.1-4 maximum on Mercury. The Mercury spectrum is of poor quality and shows some 
spurious fluctuations due to seeing. Venus (Fig. 5, d, e) shows strong CO2 bands. The 
spectrum of Sirius (Fig. 5, f) is interesting for the strong P;, Ps, and P; (Paschen 4, 
7, 8). Ps (Pa) is blended with the atmospheric H,0 band Q (1.8 uw). The Brackett series 
of H is seen from 1.6 to 1.7 uw, but higher resolution is desired for closer study. The Sirius 
spectrum is of good quality. a Orionis (Fig. 6, a, 6) shows no stellar features; neither do 
stars of type F—-K. Only the late-type M’s, Mira Ceti (Fig. 6, c) and R Leonis, mini- 
mum (Fig. 6, d, e), have infrared stellar absorptions strong enough to show. They have 
not yet been identified but may be due to 770. 

A striking comparison is afforded by R Leonis (108 vis.; Fig. 6, d) and a Leonis 
(1™3 vis.; Fig. 6, f). Visually, their intensity ratio was 9.5 mag. or 8000 times. In the 
1.6 u region the ratio was about 1/20, a differential ratio of 160,000 times. 


Our thanks are due to Mrs. N. Wrubel for her assistance in drawing Figures 3-6. 


5 They were exhibited at the Harvard meeting of the American Astronomical Society, December 
28-30, 1946. 
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INFRARED SPECTRA OF PLANETS* 


GERARD P. 
McDonald Observatory 
Received June 20, 1947 


ABSTRACT 
Infrared spectra of Venus, Jupiter, and Saturn are shown, obtained with a PbS cell. 


The extension of planetary spectra beyond the photographic range into the infrared 
is of interest on two counts: (a) the identification of bands and their quantitative inter- 
pretation, and (6) the heat balance in the planetary atmosphere is affected by these 
(usually heavy) absorptions. 

So far, a number of records have been obtained for Venus, Jupiter, and Saturn. The 
records for Mercury! were affected by poor daytime seeing and have to be repeated. Mars 
has not yet been observed. 

Except for Figure 1, the figures show tracings made by hand on transparent paper from 
the originals. Most of them show the range 3-2} yu (right to left), but two show a double 
run 23-1.7—23 yu. In all cases the zero level and the noise level are indicated. 

Figure 1 shows the solar spectrum for 3-23 yu, with the principal features identified. It 
was obtained at the Yerkes Observatory with an analyzing slit of 0.04 mm in front of 
the cell, thereby increasing the resolving power from the normal 50-80 to about 500. 
This value is similar to that used by Langley on the sun, nearly fifty years ago, and not 
quite so high as that used by Abbot and Freeman more recently.” It is reproduced here 
solely for comparison purposes with the planets. 

Figures 8 and 9 show the spectrum of the sun reflected from a MgO block with the 
usual low resolution. The air masses were 2 and 9, respectively (McDonald Observatory). 
The dotted curve indicates the approximate position of the spectrum if the telluric bands 
had been absent. The slight dip at 1.4 uv is due to the absorption in the flint prisms. 

Figures 2~4 show the spectrum of Venus. Nine strong CO, bands are shown: 1.205 and 


1.220 u, blended; 1.433 u, shown as a dent in the H,O band y; the group of four bands, 


1.536, 1.574, 1.604, and 1.645 yw; and the three bands wo, w1, w2, at 1.957, 2.006, and 2.057 
x. The bands at 1.2 « had been found previously in the Venus spectrum by Herzberg, by 
use of 1Z plates. 

The declination of Venus was about — 20° when these records were obtained, and the 
daytime seeing there was usually poor. The first results were obtained with the slit paral- 
lel to the crescent; but it is seen that this position, while admitting the most light, is the 
poorest when the image is boiling. Later records, including Figures 2 and 3, were obtained 
with the slit at right angles to the crescent. In this way variations in the amount of ad- 
mitted light were minimized. But all records obtained are regarded as provisional be- 
cause of the unfavorable position of the planet. It is not clear whether or not the dip 
suggested by Figure 3 at 2.2 y, is real. It could not be the CO band at 2.3 yu. 

The dotted line in Figure 2 would be the approximate spectrum in the absence of the 
Venus CO; bands and the telluric bands. It shows that outside the CO, bands the reflec- 
tion by Venus is nonselective (i.e., white) for the interval 2-2 yp. 

Figure 5 shows the Jupiter spectrum. It is heavily cut up by bands, probably due to 
CH, and NH;. For comparison, a solar spectrum seen through the same terrestrial at- 
mosphere is added. The comparison shows Jupiter to be “blue” in the $-2-y region. 


* Contributions from the McDonald Observatory, University of Texas, No. 140. 
"Ap. J., 106, 243, 1947. 2 Smithsonian Misc. Coll., Vol. 82, 1929. 


251 


| 
| 


i i ij } i 
tee! 
8 
+ i i 
‘ 


Me. THK 
¢ 


2.0 
i. 
Fics, 2-4.—Venus spectrum; slit 0.7 mm; A =1.55, 1.53, 1.71 
252 


x 

~ 


2 - 

| 

i 

= 

3 

| j 

| 
| 4 

| 

Or 
| 


af 


i 


| 45 


jones 


| 
inet 
™ 
| 


Fic. 5.—Jupiter spectrum; slit 1.0 mm 


| | 
| 
t 
t 
t 


3A = 1.58. 
1.5mm; A = 1.04, 1.15 


Fics. 6, 7.—Saturn spectrum; slit 1.0 


253 


« } : 
\f 4 
f 
: 
4 
20 10 08 
| 
q 
ji 


254 GERARD P. KUIPER 


Whether this is due to overlapping bands or to a general selective absorption cannot be 
decided without laboratory tests. 

The spectrum of Saturn (Fig. 6) is similar to that of Jupiter except that the 1.6-y re- 
flection peak is wider. This may be due to the reduced NH; content. It is also noted that 
the 1.3-4 peak is the highest in Saturn, while the 1.1-~ peak is the highest in Jupiter. 
That the complete absorption beyond 1.6 y is not shared by the ring is shown by Figure 7, 
in which some light from the ring was permitted to enter the slit. 
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Fics. 8, 9.—Solar spectrum reflected from MgO; slit 0.7 mm; air masses 
A = 2.0, 9.1. 


If attempts to improve the sensitivity of the spectrometer by a cooling technique are 
successful, somewhat better spectra of Jupiter and Saturn may still be obtained. The in- 
terpretation of the present records and similar ones not shown will be treated later in a 
joint paper by the author and Dr. G. Herzberg, based on absorption measures with long 
paths. 


| 
} 
{ 
8 
| 
| 
| 
| Pi 
i 
é 
j 
| 
| 


THE SPECTRUM OF THE ECLIPSING BINARY UX MONOCEROTIS* 


Otto STRUVE 
Yerkes and McDonald Observatories 
Received June 23, 1947 


ABSTRACT 

The system of UX Monocerotis consists of a small A-type star and a large, more massive G-type 
star. The spectrum is characterized by emission lines of H, which become very strong only during the 
first half of the total eclipse and which are very weak during secondary eclipse. They are moderately 
strong at the elongations. There are also present peculiar absorption lines of H and Cat. The H lines 
are usually strong, but double, at phases near 0.25 P and are weak and sometimes double at phases 
near 0.75 P. Usually the violet absorption component is the stronger at both elongations, but occasionally 
the intensities are reversed. This can happen at both elongations. The Cam lines are also sometimes 
double, but usually the violet component alone is present at phases near 0.25 P, and the red component 
is very much the stronger at phases near 0.75 P. The luminosities of the two stars are approximately the 
same at about A 4230. At A 3933 the A star greatly predominates. Hence it is suggested that at phase 
0.25 P we observe a stream of Ca 1 gas flowing out in front of the advancing hemisphere of the A star 
and that at phase 0.75 we observe a stream flowing into the receding hemisphere of the A star. Similarly, 
there is a stream flowing out of the advancing hemisphere of the G star, which presumably connects with 
the stream flowing into the A star; and there is also a stream flowing into the receding hemisphere of the 
G star which may represent the end of the stream which starts from the A star. 

The changes in the intensities of the peculiar H and Ca 11 lines, as well as in their radial velocities, are 
rapid: major changes occur in less than 6 days, and small changes can be detected in about 1 hour. 
They occur apparently in an irregular manner. The phenomenon probably resembles a dense field of 
prominences whose integrated absorptions give rise to the peculiar lines. 

The radial velocities of the G- and A-type components of the system do not vary from cycle to cycle. 
The entire material gives the following circular elements: Vo = —20 km/sec; Kg = 60 km/sec; K, = 
sini = 4.9 X 10®km; a4 sini = 11.4 X 10°km; mg sin? i = 3.40 ©; mg sin? i = 1.5 O; 
= 


The variation in light of UX Monocerotis was discovered in 1926 by Miss Ida E. 
Woods at the Harvard Observatory.! The light-elements were determined by E. Hertz- 
sprung! from Miss Woods’s observations: 


Principal minimum = JD2418602.84+5.90464E. 


The spectrum, as determined at Harvard, is A3, the photographic magnitude at maxi- 
mum Is 8.42, the primary range is 1.74 mag., and the secondary range is 0.14 mag. The 
orbital elements were determined by Mrs. M. B. Shapley! and are given in the accom- 
panying tabulation. The star designated by the subscript 2 is that whose spectral type 


Solution Uniform Darkened 
Computed secondary range. . 0.04 mag. 0.11 mag. 
0.34 day 0.26 day 


* Contributions from the McDonald Observatory, University of Texas, No. 138. 
! Harvard Bull., No. 854, 1928. The variable star is BD—7°2291 = HD 65607 (A3), and its position 
for 1900 is: a = 7554™24*;§ = —7°14/0. 
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is described as A3. Dugan? has called attention to the low density of the secondary. The 
spectrum, during the total eclipse and outside it, was observed by A. B. Wyse’ at the 
Lick Observatory. That of the brighter component was found to be AS, that of the fainter 
dGip. As far as I am able to determine, the reason for the designation of the spectrum 
of the secondary as ‘‘peculiar” is Wyse’s observation that ‘‘the iron and hydrogen lines 
in the spectrum of the secondary are weak relative to \ 4227.” Apparently, Wyse ob- 
served no emission lines. 

In December, 1944, S. Gaposchkin undertook a spectrographic study of UX Mon at 
the McDonald Observatory. When he and I examined the first few spectrograms, we 
at once realized that the character of the spectrum was peculiar. The H lines show emis- 
sion components, which vary in intensity with the phase. The absorption lines of H and 
Ca 11 undergo strange variations with phase and also from cycle to cycle. The material 
collected by Gaposchkin consisted of 32 spectrograms; it was not sufficient to disentangle 
the remarkable changes which he had discovered. I have therefore made a new investiga- 
tion of the spectrum of UX Mon, using for this purpose 152 spectrograms obtained with 
the Cassegrain spectrograph attached to the 82-inch McDonald reflector between Jan- 
uary 22 and April 11, 1947. Between January 22 and February 21, inclusive, all nights 
were clear, and UX Mon was observed nightly in order to follow the course of the spec- 


. tral changes. After February 21 another program had the precedence, and only occa- 


sional spectrograms of UX Mon were secured. For these later spectrograms I am indebted 
to Dr. W. A. Hiltner and Dr. Y. C. Chang. All spectrograms were obtained on Eastman 
103a-O film with an f/2 Schmidt camera and two glass prisms, giving a linear dispersion 
of 76 A/mm at Hy. The slit was 0.10 mm in width, which projected to 0.018 mm on the 
film. The length of the slit was 2.5 mm. The exposure time was 15-20 minutes during 
maximum light. The dispersion was slightly smaller than that used by Gaposchkin, but 
this was more than compensated for by the greater density of the exposures and by their 
shorter duration. It was particularly desired to secure numerous exposures during the 
total eclipse. This would not have been possible with the greater dispersion of the quartz 
prisms and the 500-mm camera. 

There is still some uncertainty concerning the exact period of UX Mon. The light- 
elements as given in the 1941 edition of Schneller’s Katalog of variable stars are 


Principal minimum = JD2418602.84+ 5.904604E , (1) 


and these have been used throughout in the present investigation. In 1943 A. Soloviev® 
derived from 64 plates the elements 


Principal minimum = JD2418602.84+5.904701E. 


His normal minimum occurred on JD 2429638.722 (E = 1869). He also gave D = 0.767 
day (?) and d = 0.178 day (?). Gaposchkin, from his discussion of the Harvard patrol 
plates, at first concluded that the period required a small correction, making the new 
period 5.904504 days. He also suggested that the epoch of principal minimum be set at 
JD 2427855.527. However, these values were not consistent with my spectroscopic ob- 
servations; hence, after some correspondence, Gaposchkin proposed the following ele- 


ments: 
Principal minimum = JD2427536.506+5.904604E , 


and these were published in his recent article. The period is identical with that given in 
Schneller’s Katalog. The epoch is probably also that given by Schneller, simply brought 
forward by means of his period; it does not agree with the epoch listed in Gaposchkin’s 
Table 6, which was JD 2427536.552, with an estimated departure of 0. , 


2 Contr. Princeton U. Obs., No. 15, p. 16, 1945. 


3 Lick Obs. Bull., No. 464, p. 37, 1934. 
4 Ap. J., 105, 258, 1947. 5 Astr. Circ. Acad. Sci. Soviet Union, No. 19, July 30, 1943. 
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In view of the importance of the spectrographic observations, it is regrettable that the 
period and epoch are not accurately known. As far as I was able to judge from the spec- 
tra, formula (1) fits the observations best. 

Gaposchkin’s investigation of UX Mon is of exceptional interest because it has called 
attention to the extraordinary spectral variations in this star. In particular we call atten- 
tion to the first five ‘‘unusual characteristics,” which he listed on page 259 of his article. 
These characteristics have been confirmed in my present investigation. However, cer- 
tain details of Gaposchkin’s work may be subjected to criticism. 

His photometric investigation, based upon estimates made on focal images, gives A; = 
1.03 mag., 42 = 0.04 mag. These values differ greatly from those of Miss Woods and 
Hertzsprung, but Gaposchkin has assured us that the latter’s results were vitiated by “a 
less standardized magnitude scale” than that used by himself. He also asserts that the 
photometric orbit is eccentric and that “‘the secondary minimum . . . . seems to be much 
wider than the primary.” He has even attempted to derive the eccentricity of the orbit 
from the light-curve, e = 0.3, with a question mark. The procedure is not described; 
usually only the value of e cos w can be determined from the spacings of the two minima. 
Whether e was found from a determination of e sin w by measuring the difference in the 
widths of the two minima or by assuming the value of w, which he derived from the spec- 
trographic observations, is not clear. In any case, it is fairly obvious from the scatter of 
the normal magnitudes that little confidence can be placed upon the secondary mini- 
mum. Gaposchkin, for example, places the latter at his phase 0.150 P (or at my phase 
0.585 P, the latter being counted from primary mid-eclipse). But an independent inspec- 
tion of his light-curve suggests a more conspicuous indentation at his phase 0.200 P (or 
at my phase 0.635 P). This would, if real, give a very large value for 


cosec? i+ 1 


€ COS = 


= 0.135 5= 0.2, 


It is doubtful whether any significance can be attributed to this result. Even less trust- 
worthy would be the determination of ¢ sin w from the relation e sin w = (D,— D,)/ 
(D; + D,). Gaposchkin’s derivation of the spectroscopic values of e and w are also illu- 
sory. His curves in his Figure 2 and Table 4 show double lines at almost all phases, and 
the curves as drawn by him do not represent binary motion. It is quite certain that from 
his material no determination of e and w can be obtained. Hence the values e = 0.08 and 
w = 316° must be discarded. As a matter of fact, the measures gave double lines for the 
metals at his phases 0.304 P and 0.336 P and single lines at his phase 0.334. Surely, this 
cannot be the time of zero relative velocity near secondary conjunction? The measure- 
ment of the A- and the G-type components is extremely difficult, as Gaposchkin has him- 
self pointed out. Hence, it is best to disregard his results for e and w and to accept, with 
caution, only his determination Kg and V9 (velocity of the center of mass). 

For convenience I have arranged the new spectrographic material in fourteen con- 
secutive cycles. Cycle I starts on January 22 and ends on January 27; cycle II starts on 
January 28 and ends on February 2, etc. Cycles I, I, II, IV, and V have been observed 
completely, the rest only incompletely. Figures 1-9 contain representative reproductions 
of spectrograms for each night of observation. 

Outside eclipse, the spectrum shows complex lines of H and Ca u1, whose intensities 
vary over a large range. There are also emission features of H and probably of Ca un, of 
variable intensity, and predominantly on the red sides of the corresponding absorption 
lines. The spectrum shows a large number of faint lines of Fe 1, Fe 1, Sr 11, Ca, etc., all 
of which can occur in spectral classes from A to G. These lines are often diffuse. Some- 
times they are clearly double, especially at phases near 0.75 P; and in that case one com- 
ponent is attributed to the G star, the other to the A star. During total eclipse the lines 
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of the G star are observed with great strength. They show no Fe 11 4233, so that presum- 
ably all Fe 1 lines may be attributed to the A star alone. But even at principal minimum 
the lines of H and Ca 11 are peculiar. 

From the photometric data we conclude that the eclipse is certainly total. The spectra 
show that at the principal minimum the G star is in front. The lines of the A star, espe- 
cially Fe 11 4233, are completely invisible during mid-eclipse. Hence we may suppose that 
this eclipse is total or nearly total. At phases near 0.5 P the lines of Fe 11 are strengthened. 
Hence the A star is then in front. This strengthening of the lines of the A star is interest- 
ing in view of the very small value of A», the range of secondary minimum. According to 
Gaposchkin, 1 — dz = 0.027; while 1 — A, = 0.613. It is difficult to understand how a 
change of only 3 per cent in the total light can produce so conspicuous a strengthening 
of the Fe 11 lines. 

In this connection we notice that the degree of intensification of the Fe m lines near 
secondary minimum is not the same in all cycles. It was particularly pronounced on 
January 30 (cycle II) and on April 11 (cycle XIV). On these two dates the spectrum 
showed all normal lines of spectral type A5 except those of H, with greater intensity than 
in the other cycles. During cycle II there was a general tendency for the peculiar H lines 
to be weaker than in most other cycles, but the material for cycle XIV is insufficient to 
confirm this correlation. In a tentative manner we might suggest that the opacity pro- 
duced by the H atoms in an outer ring or shell tends to weaken the metallic lines in the 
same way as has been observed in peculiar shell stars (y Cas and others). We conclude 
that the strength of the Fe 11 lines is not constant but depends upon conditions. which 
vary from cycle to cycle. We cannot, therefore, rely upon these intensities to give us an 
accurate estimate of the relative total brightnesses of the two stars L4/Le. 

Because of the variable character of the Fe 1 lines, the question might arise as to 
whether these lines belong to the A star at all. When we examine our new spectrograms, 
or those obtained by Gaposchkin, throughout each cycle, we notice that the pair of lines 
Ca 1 4227 and Fe 11 4233 are quite close to each other at phases around 0.2 P and 0.3 P 
and are much farther separated at phases around 0.6 P and 0.7 P. This is fairly conclu- 
sive proof that the Fe 11 line actually belongs to the A-type star. It must be remembered, 
however, that there are no other lines of the A star in the region adequately covered by 
my plates that are not more or less seriously blended with lines of the G-type star or 
with lines originating in the gaseous streams. 

From the radial velocities in Table 1 we infer that the range is much larger for the 
A star than for the G star. Hence the mass of the G star must be the larger (Gaposchkin 
had obtained equal masses). 

The presence at \ 4233 of a line of the A-type component and at \ 4227 of a line of 
the G-type component suggests that (disregarding the variations of the A-type lines), as 
to order of magnitude, the total luminosities of the two component stars are about the 
same at 4230. At \ 4045 a strong line of Fe 1 is often observed double, with the G-type 
component always much the stronger. Since, normally, Fe 1 would be weaker in class 
A than in class G, we can only infer that even at \ 4045 the luminosities are still com- 
parable. To the violet of \ 4045 the G-type component is certainly less luminous than 
the A-type component. This may be inferred from the conspicuous fact that, outside 
eclipse, the energy distribution of the continuous spectrum on the violet side of \ 4000 is 
that of a blue star, while during total eclipse the region of Ca 11 3933 required exposure 
times of the order of five to ten times those normally used, while the region of Hy 
required exposure times of the order of twice those normally used. It is evident that 
with the normal exposure times of about 15-20 minutes the continuous spectrum of a G 
star would be very little registered on the photographic emulsion in the region of \ 3933. 
We conclude that in the ordinary photographic region 
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February 2 


F1G. 9.—The broad absorption line of Ca 11 3933 hasa velocity of about —250 km/sec. The two spec- 
trograms were taken during the first half of totality. Hence the rapidly approaching Ca 11 prominences 
must have been in front of the G star. This highly displaced Ca 11 line seems to be always present in the 
first half of totality. 
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TABLE 1 
RADIAL VELOCITIES OF UX MONOCEROTIS 
VELocities (Km/SEc) 
DATE PHASE IN 
PLATE* (1947) U.F. Cau H 
Star Star 
I Il I II 
23 8:43 .307 —284 | +168 | + 27]....... 
24 6:09 .459 —205 | + 15} — 13 0 
24 6:36 -462 —145 |....... |) 5 
24 9:14 .480 100 |. — 6| + 24 
25 8:56 .648 — 80]....... 
26 5:08 .790 +115 | —271 | —172 | +140 | — 94] + 92 
Mae aint 26 5:30 .7193 +115 | —287 | —181 | +170 | — 32 | +130 
26 9:27 .821 +111 | —250 | —198 | +189 | — 44] +122 
et 26 9:56 .824 + 67 | —177 | —155 | +193 | — 20} +140 
29 4:43 . 296 —173 | +154 | + 35 | —102 
29 5:08 . 298 —147 |....... —219 | +131 | + 2/]....... 
29 5:34 .301 —222 | +136 | — 32]|....... 
29 6:32 . 308 —211 | +116 | — 41 ]....... 
31 3:44 .627 + 65 | —270| — 68|....... 
31 4:08 .630 + 46 | —322 | — 46]....... — 40} +159 


* “D” designates a poor plate; ‘‘vp’” designates a very poor plate. 
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TABLE 1—Continued 


| RapIAL VeLocitirs (KmM/SEc) 

| | 

Date | PHASE IN | 
PLaTE* Cau H 

| | | Star Star 

ee Feb. 4 | 5:08 | 0.314 | —158 Rie —212 | +142 | + 14]....... 
4 | 5:34 | .318 | —154]....... —242 | +124/ + 11)}....... 
| 4 | 6:14 | | | | — 
6 | 3:54 644 | +132 | —248 | —108|....... — 68 +116 
et ete | 6 | 4:26 648 | +128 | —258 | —124]....... — 84 +109 
| 6 | 4:52 651 | +103 | —310 | —263 | + 33 | — 78 4118 
7 | 4:19 817 | + 69 | —299} —100 | +243 | — 94) 4+ 47 
7 | 8:49 848 | + 61]....... — 47 |. 
7 | 9:17 852 | +106]....... | — 36| + 99 
8 | 4:22 987 | —245 | +153} — 58]....... 
8 | 7:14 007 | —219]....... | — 59 
9167vp 9 | 6:59 174 | —144]....... 
9168.. 9 | 7:26 —109 |....... 49 | 
9 | 7:48 180 | —186|....... 
9170. 9 | 8:09 183 | —115 |....... —124 |....... 
10 | 4:55 +90} + 5/....... 
10 | 5:42 .335 | —201 | + 68 | —309 +125 | 28 
11 | 2:13 479 | — 75|....... |....... — 32) 411 
12 | 1:45 646 | + 40]....... | — 6 
12 | 2:13 49 | + 63|....... — 32|....... | — 72 | +130 
12 | 6:37 .680 | +100]....... | — 80| +122 
12 | 7:00 | +103 | —328 | + 57 | —388  — + 97 
13 | 3:08 825 | +103 |....... — 46|.......| — 77 | +149 
13 | 3:33 £28 | +111 |....... — 84/ +111 
13 | 6:37 849 | +114 |....... — 63 | +144 
13 | 7:00 — 63 | +130 
14 | 7:29 025 | —188]....... + 30 
15 | 2:56 162 | —144]....... +38 |, 
15 | 3:22 165 | —152]....... + @). 
15 | 5:41 181 | —114].......| —134|....... 
15 | 6:04 + 50 |....... 
15 | 7:44 196 | —192]....... —188 j....... + 
15 | 8:10 199 | —144]....... —192}....... 
16 | 2:44 —353 | +100 | + 31]....... 
16 | 3:08 —345 | +104} — 6/....... 
RAEN 16 | 3:34 336 | —259]....... —351 | +132 | — 18]....... 
17 | 3:09 —107 |....... — 29| + 27 
17 | 4:11 —103 |....... 
17 | 7:40 — 55| + 70 
17 | 8:13 — 96]....... 2 
18 | 3:00 .670 | + 79 | —390| — 7]....... — 62 | +133 
SRT 18 | 3:28 .674 | +123 | —282 | — 22]....... — 82 | +104 
Rane 18 | 6:12 | 0.693 | +108]....... —123 | +151 | — 94| + 85 
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TABLE 1—Continued 


| | VELocitiEs (Km/SEc) 
| DATE PHASE IN | 
PLATE* | (1947) UT. | Cau H P 
| | Star Star 
| Feb. 18 6:34 | 0.696 | +105 |....... —126 |....... 
| 18 | 7:44 | .704 | + 98/....... ~123 | +162 | — 96 | +109 
| 18 | —114 +172 | — 91]....... 
| 18 8:40 | .710 | +108 }....... —118 | +121 | — 92] +118 
19 | 3:50 | .846 | +130]....... — 9 )....... — 54 | +157 
20 4:24 019 | —201 |....... — 46/....... 
| 20 5:08 024 | —198]....... 
| 20 6:02 030 | —168|....... 
20 7:03 | —13$|....... — 46|....... 
9294p... 20 | 8:44 050 | —146}....... 
20 9:37 056 | — 42]....... [| 
21 5:38 197 | —180]....... —206 |....... 
21 6:02 | —256 |....... La . 
21 6:28 | .203 | —217]....... — 49}....... 
9304... 21 7:03 207 | —180|....... 
| 25 3:42 | .861 | +113 ]....... 
28 2:53 Ma | + 78 | —282| + 20| — 25 
12 5:19 ; .413 | —142 | —234|} + + 21] — 15 
| 13 2:18 561 | — 68|....... — 37| + 48 
17 4:55 | +132) + 14| + 60 
20 4:41 763 | + 87 | —322 | —192 | +174] — 88|....... 
22 4:47 102 | — 70|....... + +21 
23 3:20 262 | —161|....... —107 | + 85 
25 4:30 | + 71 |....... — #|....... 
26 4:12 776 | +148 | —298 | —151 | +177 | — 94| +4121 
29 2:00 —171 | +152 | — 78]....... 
4 2:02 .285 | —170]....... —209 | +127} + 
11 2:18 | 0.472 | — 85}....... 8 
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Since the eclipse is total and since the photometric data are of small precision (the two 
ranges of the eclipses are given as 1.74 and 0.14 mag. by Miss Woods and as 1.03 and 
0.04 mag. by Gaposchkin) we can derive only very rough elements. If the stars are 


undarkened, we have 
A, =2.5 log(1+hk?y), 


1+ k*y 
1+ ky — k?’ 
where, as usual, k = 72/7; and y = J2/J, is the ratio of the surface brightness of the 


smaller star to that of the larger star. These equations lead to two approximate sets of 
values, depending upon whether the deeper eclipse is total or annular: 


Ag = 2.5 log 


Principal eclipse is total Rk =0.3; y=15; (a) 
Principal eclipse is annulark=0.8; y=0.06. (b) 


In both cases the cooler star would be in front during the principal eclipse. But in case 
(a) the ratio of luminosities would be 


2=— 
k?=1.35, (a) 
while in case (6) the ratio would be 
Le ve (0) 


Clearly, only case (a) is consistent with the spectrographic result Ly ~ Lg. This is the 
solution adopted (without attempt at a justification) by Gaposchkin. We shall follow 
the latter in adopting the following values for the radii of the two stars: 


r4 = 0.08 (a; +42), 
0.28 (a, + az) 


where a; and a are the radii of the two orbits. 

According to the photometric data, the eclipse lasts from 0.91 P to 0.09 P, and total- 
ity lasts from 0.95 P to 0.05 P. The spectrograms show an unblended G-type spectrum 
between phases 0.963 P and 0.030 P. It is definitely blended with the A-type spectrum 
at phase 0.038 P and later. There is no strengthening of the G-type spectrum at 0.077 P. 
On the other side, there is a noticeable strengthening of the G-type lines at phases 
0.939 P and 0.952 P. There is no noticeable strengthening of the G-type spectrum at 
phases 0.852 P, 0.864 P, and 0.867 P. The spectrograms thus suggest the values shown 
in the accompanying tabulation. This would place mid-eclipse at phase 0.995 P, which 


Beginning of eclipse at phase..................... 0.91 P 
Beginning of totality at phase.................... 0.96 P 
0.03 P 


is in sufficiently good agreement with the elements in formula (1). 

At phase 0.96 P the emission lines of H are very strong. They are entirely on the red 
sides of the corresponding absorption lines and are about 4 or 5 A in width. The centers 
of the emission lines would give large positive velocities, but this may be partly spurious 
because of the effect of the violet-displaced absorption lines. After phase 0.963 P the 
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emission lines decrease in intensity and become quite faint after phase 0.000 P. Only 
HB remains visible with considerable strength and is somewhat stronger than at maxi- 
mum light. This unsymmetrical change in the H emission lines is very remarkable. It 
shows that a mass of emitting hydrogen gas is not occulted until about mid-eclipse but 
is effectively blotted out by the G star after mid-eclipse. This would place the emitting 
mass of gas approximately within the shaded area of Figure 11. 

An even more remarkable spectroscopic feature during the total eclipse is the appear- 
ance of the lines of Ca 11, especially of \ 3933, which is unblended with H. The measured 
velocities give large negative values, of the order of — 250 km/sec, and these velocities 
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Fic. 11.—Schematic model illustrating the working hypothesis proposed in the text. The outflow and 
inflow of prominences are shown for Ca U1. 


seem to persist throughout totality. The absorption lines are broad and very conspicu- 
ous, but the contours are more shallow than ordinary Ca lines in stars of type G. 
I have the impression that on the red sides of these broad absorption lines there is an 
indication of a faint and fairly broad emission line. It is this emission feature of Ca 11 
which prevents us from seeing the normal, undisplaced Ca 11 absorption line of the 
G-type star. Since the violet-displaced absorption line is observed during total eclipse, 
when there are no features left belonging to the A-type star, we must conclude that the 
rapidly approaching Ca 11 atoms are located in front of the G star, as is indicated by the 
arrows in Figure 11. The contour of the absorption line presents an interesting prob- 
lem. It is approximately symmetrical, with an over-all width of the order of about 10 A. 
If the expansion were radial with respect to the center of the G star, without appreciable 
turbulence, we should observe an unsymmetrical absorption line in the case of a layer 
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which is close to the G star’s photosphere, or a broad emission line with a relatively 
narrow absorption line in the case of a very distant shell. The fact that we observe a 
symmetrical line suggests that the brbadening is largely caused by turbulent motions. 
The shallow appearance of the line must be due to small optical depth of the expanding 
layer. 

The expanding Ca u layer which is in front of the G star during principal eclipse does 
not give rise to hydrogen lines. We observe, during totality, only weak and narrow ab- 
sorption lines of H on the violet borders of the emission lines already discussed. These 
lines give velocities of the order of —50 km/sec. There is no indication of other, broader 
absorption lines at — 250 km/sec. We must conclude that the emitting gases which origi- 
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Fic. 12.—Radial velocities from Ca 11, H, the lines of the G star, and the lines of the A star, plotted 
separately for each cycle. 
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nate in the G-type star are poor in H but rich in Ca 1 and that, moreover, the H atoms 
are driven out with a much smaller velocity than the Ca 11 atoms.® This is a phenomenon 
that reminds one of the early theoretical work by Milne and others on the expulsion of 
Ca atoms from the solar reversing layer. It is suggestive that the spectral types of the 
larger component of UX Mon and of the sun are approximately the same. 

The radial velocities of the Ca 11 absorption lines between phases 0.96 P and 0.03 P 
show a tendency to increase algebraically, from about — 250 km/sec to about — 150 km/ 
sec. This may be an effect of projection, so that we conclude that the Ca 11 atoms are 
expelled predominantly in the direction of phase 0.9 P. There is little or no expulsion 
in the direction 0.1 P or greater. 

The radial velocities and the intensities of the H and Ca lines, outside the two 
eclipses, are subject to large changes. Gaposchkin has already reported that the relative 
intensities of the double H lines are sometimes reversed in two consecutive cycles. The 
material in Figure 12 shows that such changes are quite common. 

In a general way we notice the succession of intensities and velocities in a typical 
cycle, as shown in Table 2. 


TABLE 2 
Cau H 
PHASE | G STAR A STAR 
Violet Single Red Violet Single Red 
Stone) Absent | Strong |........ Weak or fairly | Recession Approach 
strong 
Absent | Strong |........ Weak or fairly | Small recession | Smal] approach 
strong 
class A5 strong | weak 
Weak of Stroma. | Weak Very weak Approach Recession 
strong 
Strong | Weak |......... Very weak Approach Recession 


Throughout all my observations the H/ lines were very weak in the second half of the 
cycle (near phase 0.75 P). In some cycles they were hardly visible. This was not the 
case in December, 1944, and January, 1945, when Gaposchkin’s spectrograms were ob- 
tained. At that time strong double H lines were observed near phase 0.75 P and much 
weaker double lines near phase 0.25 P. 

The variations from cycle to cycle are described in Table 3. An inspection of it shows 
that there is little correlation between the different entries. At phases around 0.3 P 
we notice that cycle II and also cycle VI had weak H lines. They were separated by 
about 3 weeks. But in cycle II, at phases near 0.8 P, the H lines were exceptionally 
weak, while in cycle VI they were strong. It is probable that the variations are irregular 
in character and that they occur at intervals which are often less than one complete 
cycle. 

In order to test whether changes can be observed during single nights, I have obtained 
many series of consecutive spectrograms covering intervals of the order of 0.04 P, or 
about 6 hours. In several series unmistakable changes were detected which run contrary 
to the normal development within the cycle. These changes are never very conspicuous, 


® We do not imply here that the abundance of H is small; only that the number of H atoms excited 
to the second energy level is small. 
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so that we can conclude that to accomplish a major change takes more than 6 hours, but 
often less than 6 days. Within intervals of even 1 or 2 hours appreciable changes in 
intensity and velocity take place, but they constitute only a small fraction of the entire 
range of these phenomena. A conspicuous case is illustrated in Figure 10. Other cases 
may be found in Table 1. Take, for example, the H lines on February 15, when they 
were single, strong, and sharp, as illustrated in the accompanying tabulation. Within 


Phase Mean Velocity Phase Mean Velocity 


an interval of 0.037 P, or 5 hours, the radial velocity changed by more than 100 km/sec, 
a quantity which for such excellent lines as Hy and Hé cannot be attributed to errors 


TABLE 3* 
CHANGES IN ABSORPTION-LINE INTENSITIES FROM CYCLE TO CYCLE 


Cycle 0.1 P 0.3 P 0.5 P | 0.8 P 1.0P 
I (A str., single H str., dble., v>r H very str., single H wk., dble., v>r H single, v 
single | Cau str., single, v Ca str., single Cau str.,dble.,r>>v | Cau single, v 
Il (H single H wk., dble., v>r H single H very wk., dble.,v>r} ZH single, v 
Cait str., v Cau single Can wk.,r Catt single, v 
Wl {H str., single H str., dble., v>r H very str., single | H wk., single, v H single, v 
Cau str., dble., v>>r Ca str., single Cau str., dble., r>>v Ca 11 single, v 
IV {H single H verystr.,dble.,v>>r|_ H str., single HA str., dble., r>v H single, v 
\Ca 11 single Cat str., single, v Ca str., single Catrstr., dble.,r>>v | Catt single, v 
Vv (B str., single H str., dble., v>r H str., single H wk., single, v H single, v 
Cait str., single | Cattstr.,v Ca str., single Cait single, r Cau single, v 
Ix H str., dble., v=r H very str., single | H very wk., v 
\ Ca 11 single, r Catt str., single Cai 
XI {2 str., single H str., single, v H very str., single | H wk., dble., v>r H str, sagan 
Cau str., single Cai str., single, v Cait str., single Cau dble., r>>v Ca single, v 


* The letters ‘‘v’’ and ‘‘r’’ designate the violet and red absorption components; ‘‘wk.’’ designates ‘‘weak’’; ‘‘str.’’ designates 
‘*strong’’; ‘‘dble.’’ designates ‘‘double.’’ 


of measurement or interpretation. While the H lines thus changed in velocity, the Ca 0 
line remained approximately constant at — 150 km/sec. This is, however, not especially 
surprising, because we have already seen that the velocities as derived from H and 
Ca 1 may be quite different. 

It is abundantly clear that UX Mon presents a most complicated spectroscopic be- 
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havior. The lines of Fe1, Ca1, Sr u, Ni tt, etc., undoubtedly originate in the reversing 
layer of a G-type star; those of Fe 11 come from an A-type star. But the lines of Ca 1m 
and H must come from streams of gas which during the time of observation happened 
to be between one or the other star and the observer. These streams, although subject 
to the gravitational attraction of the entire system, cannot be treated in the manner of 
the velocity-curves of spectroscopic binaries. It makes little sense to talk of the velocity 
of the “‘center of gravity for the H lines” and compare it to the velocity of the system of 
the two stars. In order to make progress in the unraveling of the peculiar phenomena in 
UX Mon, it is necessary that we should adopt, in a very tentative manner, a working 
hypothesis of the origin of the peculiar lines of Ca 11 and H. We shall present such a 
hypothesis in the following paragraphs and shall then show how it must be adjusted 
and modified to account for the known facts. I want to stress that I regard this hy- 
pothesis only as a convenient method for classifying and discussing the observations 
and not as a finished theory of stream-formation in binary stars. 

The rapidity with which the absorption lines of Ca 1 and H change strongly suggests 
that we are concerned with prominence action, on a scale far surpassing that of the sun. 
On this hypothesis the observed component lines represent the integrated effect of ab- 
sorption of a large mass of prominences. These prominences absorb mostly in Ca 11 and 
in H. They are subject to macroscopic variations which manifest themselves as the 
integrated effect of a large number of microscopic variations. If this interpretation is 
correct, we shall probably find that it is equally applicable to other cases of ‘stream 
motion” in close binaries and to the formation of “shells” —expanding or stationary— 
in rapidly rotating stars and in other peculiar objects. Our new interpretation provides 
an explanation of these phenomena and in no way contradicts them. 

At the two elongations we observe double lines of H and Cat. We therefore infer 
that when the two stars are observed side by side there are, somewhere in front of them, 
masses of prominences whose motions are predominantly those of approach and other 
masses whose motions are predominantly those of recession. In front of neither star are 
there any large masses whose motions are at right angles to the line of sight; if there 
were, such masses would produce strong undisplaced lines. There may, however, be in 
existence such a stream of gas that is not projected upon either star disk and which 
therefore would produce only an undisplaced emission line. Such a line probably exists: 
the space between the two absorption components is definitely stronger than the con- 
tinuous spectrum at H8, and probably also at Hy and H6. Incidentally, to remove any 
possible doubt, it is well to remember that the duplicity of the H absorption lines is not 
merely an effect of central reversal: the violet and red absorption components are often 
observed in places where there is normally only continuous spectrum and not the wing 
of a broad single absorption line. The absorption components are physically real. 

We do not know whether the approaching and receding prominences are associated 
with only the A star, or with only the G star, or with both. An inspection of the double H 
lines at the two elongations, especially near phase 0.25 P, suggests that the central in- 
tensities of the components are cut down, as though the continuous spectrum of one 
star were covering the absorption component of the other. This would indicate that the 
streams are not present equally in front of both stars: there must be predominantly an 
outflow from one star and an inflow into the other; or there may be inflow and outflow 
in front of one star but not in front of the other. It is still impossible to decide which 
case is really present. 

Perhaps we can reach a decision when we turn to Cau. In the region of \ 3933, as 
we have already seen, L, >> L,, so that the continuous spectrum is mostly that of the 
A star. A stream of gas in front of the G star, whether approaching or receding, would be 
very weak at \ 3933 because the continuous spectrum of a G star would be barely reg- 
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istered on the photographic emulsion. On the other hand, a stream of gas in front of the 
A star should produce a deep line, without the overlapping of continuous radiation from 
the G star. This latter prediction is in accordance with the facts: the Ca 11 components 
never give the impression of shallowness as do the H components. 

It is interesting to note that for Ca 11 we normally observe the following: At phase 
0.25 P, Ca has only a strong violet component; at phase 0.75 P, Cat has a very 
strong red component and a very weak violet component or no violet component at all, 
In the light of our discussion it is tempting to attribute the great predominance of the 
violet Ca 11 component at phase 0.25 P and of the red Ca 1 component at phase 0.75 P 
to a predominance of approaching prominences on the approaching hemisphere of the 
A star and a predominance of receding prominences on the receding hemisphere of the 
A star. It is also tempting to suggest that the H and Cau prominences which rise from 
the approaching hemisphere of the A star curve around, giving rise to undisplaced 
emission lines, where the gases are effectively seen projected upon the empty space be- 
tween the two component stars and finally fall into the receding side of the G star. 

At phase 0.75 P we should observe weak components from those prominences which 
predominantly rise from the approaching hemisphere of the G star. If these prominences 
are similar to those which produce the large negative velocity of Ca 11 between phases 
0.96 and 0.00 P, we should expect them to be rich in Ca 0 and poor in H. Again, it is 
reasonable to suppose that the stream of prominences curves around and finally falls 
into the receding side of the A star producing the strong red absorption components. 

The proposed hypothesis, tentative as it is, agrees well with many obervational facts. 
It accounts, for example, for the tendency of the H emission lines to be stronger at the 
elongations than away from phases 0.25 P and 0.75 P. (The great apparent intensity of 
the H emission lines between phases 0.95 P and 0.00 P is caused by the longer exposures 
that are required during the total eclipse.) But it also meets with several difficulties. 

In the first place, we notice that at least in one cycle, III, at phases near 0.644 P we 
have for Ca ul, v = r. Although at phases near 0.8 P, we again have the usual r > v, 
it is clear that, at least in this one cycle, there existed in front of the receding hemisphere 
of the A star an approaching stream which was nearly as strong as the usual receding 
stream. We cannot, therefore, think of the streams as a regular flow of gas but only as an 
irregular mass of rising and falling prominences whose large-scale tendencies are re- 
flected in the predominant motions which we have described. 

Another unsatisfactory feature of our hypothesis is the fact that the unsymmetrical 
behavior of the H emission-line intensities during total eclipse requires for its explanation 
the postulation of a separate mass of gas, which we have indicated by the shaded area 
in Figure 11. These emission lines are shifted to the red so that the gas would move 
predominantly from the G star to the A star, that is, in the same direction as do the 
prominences in the same hemisphere. But it is not very satisfactory that this mass of 
gas cannot be identified with the flow of prominences: if it could, then the much greater 
intensity of the H absorption-line components at phases near 0.25 P than at 0.75 P 
would lead us to expect that the emission lines of H would be more intense after mid- 
eclipse than before it. 

Despite these weaknesses, I have presented in Figure 11 a rough model of the pro- 
posed system, where the arrows outside the two stars represent the motions of the Ca 
gases but are not drawn to scale. 

We have not yet discussed the appearance of H and Cat during the secondary 
eclipse. The lines are single, very strong, and suggestive of the bell-shaped contours 
associated with the concept of turbulence. The lines are deep because the continuous 
spectrum of the G star is weakened and because the prominences which flow out of the 
advancing hemisphere of the A star and flow into its receding hemisphere must absorb 
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at least a part of the light from the uneclipsed rim of the G star. The radial velocities of 
both Ca 1 and # are often negative at phases near 0.5 P—up to about — 100 km/sec. 
But in several cycles the velocities were much closer to that of the system of the two stars. 
This variation shows that the general tendency at phase 0.5 P is one of outflowing 
prominences. As in the case of primary eclipse we linked the large negative velocity of 
(am during the first half of totality with the outflow of prominences from the advancing 
hemisphere of the G star, so we are inclined to see a connection between the moderate 
outflow of prominences at phase 0.5 P and the more violent outflow from the advancing 
hemisphere of the A star at phase 0.25 P. 

The H emission lines are weaker at secondary eclipse than at the elongations and 
during the first half of total eclipse. This result is contrary to that announced by Ga- 
poschkin. It is, of course, possible that the character of the spectrum has changed in 
this respect since 1944, as it has changed in other respects. But it fits into the picture 
we have presented, because during secondary eclipse at least a part of the shaded area 
in Figure 11 would be occulted by the disk of the A star, and those parts which would 
not be occulted would be seen in front of the uneclipsed rim of the G star and would con- 
tribute to the absorption line to the extent that pure scattering is responsible for the 
excitation of the H atoms. 

The radial velocities listed in Table 1 depend upon Ca 11 3933 for the column headed 
“Cam”; upon 6 and Hy for the column headed ‘‘H’”’; upon the stronger components of 
the lines of Fe 1, Sr 11, Niu, Ti u, and Ca1 for the column headed “G Star’; and upon 
the average of Fe 11 4233 and, whenever present, the fainter components of Fe1, Sr 1 
and Cat for the column headed “A Star.” The velocities are plotted in Figure 12, 
separately for each cycle. The stronger components, in the case of double lines, are 
indicated by dots, the weaker components by crosses. There are large variations, from 
cycle to cycle, for Ca 1 and H. It is not possible to combine them into a single diagram. 

The Ca 0 velocities are less complicated than are those of H. The curves show minima 
at phase 0.30 P and maxima near phase 0.80 P. Weak components are observed almost 
only between phases 0.60 P and 0.85 P. These components have large negative veloci- 
ties and may be connected with the strong absorption lines observed at principal mini- 
mum. We can estimate the maximum and minimum velocities for the first five cycles, as 
in the accompanying tabulation. The mean velocities in all cycles are negative, the aver- 


RADIAL VELOCITIES FROM STRONGER COMPONENTS OF Cau 


MINIMUM MAXIMUM 

MEAN 

CycLe VELOCITY 

Phase | Velocity Phase Velocity (Ka/SeEc) 

P | (Km/Sec) P (Km/Sec) 

| 0.30 — 160 0.85 +120 | —20 
.30 —120 .85 +105 — 8 
0.30 —240 0.75 +120 —60 
Mean. 0.30 —173 0.79 +116 —29 


age of the five cycles being —29 km/sec. This does not differ much from the velocity of 
the center of mass of the G and A stars, but the variations from cycle to cycle are so 
large that we can only conclude that there is no general tendency for the stronger com- 
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ponents of the Ca 11 lines to indicate a permanent tendency of the atoms to escape from 
the system. The velocities in the foregoing tabulation are, of course, referred to the sun, 
Now, at phase 0.3 P, the A star has a velocity of — 160 km/sec with respect to the sun, 
or of —140 km/sec with respect to the center of mass. The velocity of the Ca 1 atoms 
with respect to the A star is therefore only —430 km/sec. Similarly, at phase 0.8 P the 
velocity of the Ca 1 atoms would be —4 km/sec with respect to the A star. If our picture 
in Figure 11 is correct, this means that the stream is practically stationary with respect to 
the A star. The stream of gas seems ‘‘to pay no attention” to the presence of the A star, 
This conclusion rests heavily upon the determination of the orbital velocity of the A 
star. If it were correct, we should probably not speak of prominences connected with the 
A star, but only of a stream of irregular masses of gas which flow along the same orbit as 
the A star but are not dynamically connected with it. It must, however, be remembered 
that Gaposchkin found only 68 km/sec for the orbital velocity of the A star. With his 
value there would be a real outflow of prominences, with a velocity of the order of 
80 km/sec from the advancing hemisphere, and an inflow, with a velocity of the order of 
50 km/sec into the receding hemisphere. At present, it is more probable that my result is 
correct, but only a new investigation can remove the doubt. 

In the case of the fainter Ca 11 components, which we have, tentatively, associated 
with the G star, the evidence is even more uncertain. We again summarize the data in 
the accompanying tabulation. The maximum velocity depends upon a single observation. 


RADIAL VELOCITIES FROM FAINTER COMPONENTS OF Cat 


Maximum MINIMUM 
CYCLE 

Phase Velocity Phase Velocity 

P (Km/Sec) Pig (Km/Sec) 
Not observed .8 300 
0.3? | +100 300 
Not observed 0.7 — 390 


Nevertheless, there seems to be a very large preponderance of negative velocities, so 
that in this case we have probably a real departure from the velocity of the center of 
mass. At phases near 0.75 P the velocity of the G star is about —80 km/sec with respect 
to the sun. Hence at this phase the velocity of the Ca 11 prominences with regard to the 
G star is of the order of —220 km/sec. Similarly, at phase 0.25 P the velocity of the 
G star is +40 km/sec. That of the Ca 11 atoms is about +100 km/sec. They “fall” into 
the G star with a relative velocity of 60 km/sec. 

It appears that we must look for the source of the Ca 11 prominences to the advancing 
hemisphere of the G star. The A star is not effective in producing them. 

The interpretation of the velocities of the H lines is complicated by the fact that they 
reverse their intensities between elongations. It is, at first sight, tempting to adopt for 
the H lines a picture similar to that which we have used in the case of Ca 11. The shallow 
appearance of the double components of Hy and Hé shows that the inflowing and out- 
flowing streams are not all equally distributed in front of both stars. But we do oc- 
casionally observe double lines of H¢ and Hn, so that in these cases, at least, we are 
certain that inflow and outflow occur in front of the A star. Perhaps there is still a pre- 
dominance of motions in the same sense as was proposed for Ca 11, but this predominance 
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cannot be very pronounced. We can summarize the velocities as in the accompanying 
tabulation. The only definite conclusion that we can draw is that the H atoms have a 


RADIAL VELOCITIES FROM H LINES 


Puase (Km/SeEc) 
CYCLE 

0.30 P 0.80 P 0.30 P 0.80 P 
—300 +180 +135 —180 
—230 +140? +150 — 100? 
—345 +160 +120 — 90 


large velocity of escape from the advancing hemisphere of the A star. They move, rela- 
tive to it, with a velocity of the order of —150 km/sec and may well be thought of as 
explosive H prominences which originate in the A star. When they fall into the A star, 
they have small relative velocities. With respect to the G star, their velocities are ap- 
preciable, though much smaller than the velocity of escape from the A star. Perhaps we 
can think of them as streaming past the G star without being much disturbed by the 
latter. But if both outflow and inflow occur on each hemisphere of the A star, then there 
is little real evidence of the motion of H atoms in front of the G star, except for the 
evidence of the P Cygni type lines of H during total eclipse. We have already seen that 
the violet absorption components of these lines between phases 0.96 P and 0.03 P give 
velocities of the order of —50 km/sec. At the same phases the velocity of the G star 
must be that of the center of mass of the system, or —20 km/sec. The outflow of H 
from the G star near phase 0.0 P is thus about —30 km/sec. 

We are thus led to propose that the Ca 11 prominences have their origin principally 
in the advancing hemisphere of the G star, while the H prominences originate primarily 
in the advancing hemisphere of the A star and produce strong lines of approaching gases 
and weaker lines of receding gases. If the Ca 11 prominences originate from the surface of 
the G star, then why do they produce faint lines of \ 3933 at phase 0.8 P? The answer is 
that the continuous spectrum of the G star is weak at \ 3933, relative to the continuous 
spectrum of the A star. It is perhaps also reasonable that after a complete turn around 
the orbit the infalling prominences produce still weaker lines in the combined spectrum 
at phase 0.3 P. But it is not so easy to explain why we often observe strong lines of Ca 11 
with fairly large negative velocities at phases near 0.5 P. We present a summary of these 
velocities in the accompanying tabulation. Considering that the velocity of the system 


RADIAL VELOCITIES OF Carr DURING AND 
NEAR SECONDARY ECLIPSE 


: Velocity No. of Velocity No. of 
Cyels (Km/Sec) | Films Cycle (Km/Sec) | Films 
25 4 —15 7 
— 81 2 
Mean.... 
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is —20 km/sec, it appears that there is an appreciable motion of Ca 11 away from the A 
star during the secondary eclipse. But perhaps this is to be considered a small complica- 
tion that would not destroy the rest of the picture. 

The contours of H absorption-line components are often unsymmetrical, with faint 
wings extending away from the geometrical center of the two components. These wings 
can only in part be caused by Stark effect, because they are variable; on some occasions 
they are absent; and when that happens the contours are bell-shaped, as in the case of 
turbulence broadening, except that the line centers are not so deep as in such stars as 
17 Leporis or e Aurigae. There is also a systematic difference between the velocities as 
measured for Hy and H6, respectively, as shown in the accompanying tabulation. 


DIFFERENCES IN VELOCITY: Hy-Hé 


Single Stronger | Weaker Single Stronger | Weaker 
Phases Lines Com- Com- Phases Lines Com- Com- 
(Km/Sec)} ponent ponent (Km/Sec)) ponent ponent 

+26.2 | —14.8 | +26.0 —75.6 | —54.6 | —15.0 


Negative values predominate. They are especially large in the case of single lines; this 
suggests that the lines are unsymmetrical or consist of blended components, whose rela- 
tive intensities are not the same for Hy and H6. 

There remains the question of the stars themselves. The plot of the velocities by 
cycles in Figure 12 shows that there are no appreciable changes in the velocities of the 
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Fic. 13.—Radial velocities of G and A stars. The dots show the velocities of the G-type star. Crosses 
indicate the velocities of the A-type star. 
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Gand A stars, from cycle to cycle. These velocities’ have all been plotted together in 
Figure 13. The measures were very difficult because the lines are all faint and often some- 
what diffuse. Nevertheless, we have a reasonably consistent velocity-curve for the G 
star. There is a suggestion that the maximum of the G star’s velocity-curve is broader 
than the minimum, and perhaps this would account for the fact that double lines have 
been measured almost only between phases 0.6 P and 0.9 P. But this is certainly not the 
entire story. The line Fe 11 4233 is not blended with a line of the G star. Yet Fe m 4233 
was seen almost only from phase 0.45 P to phase 0.9 P, and almost never between phases 
0.1 P and 0.4 P. Thus it is certain that the lines of the A star are more conspicuous in the 
second half of the cycle than in the first. This being the case, I am inclined to attribute 
the apparent asymmetry in the velocity-curve of the G star to a psychological effect; 
close double lines are often measured with greater separation than the real ones; and, 
because of the diffuse nature of the lines and the extreme faintness of the A star’s com- 
ponent, the tendency has undoubtedly been to give preference to such lines as would 
best show the duplicities because of their peculiar grain structure. Under these circum- 
stances it seems to me best to adopt circular elements for the two stars as follows: 


Vo = — 20 km/sec a4 sina=11.4*10%km 
K = 60 km/sec mg sin’ i = 3.40 
K, = 140 km/sec m, sin’ i= 1.50 
T ¢ = Phase 0.75 P = Time of minimum velocity Ma _ 43 
mM a 


T = Phase 0.25P = Time of minimum velocity 


dgsni=4.9X10%km 


Wyse has described the secondary’s spectrum as dGip. Gaposchkin gave G2p. It is 
doubtful whether the description of this star as dwarf can be maintained. Because of the 
peculiar character of the Ca 0 and H lines it is difficult to determine the type accurately. 
But it is probably not far from GO or G2. During totality the line Sr 11 4077 is very 
slightly stronger than Fe 1 4045. Also, Sr 1 4215 isa little stronger than Fe 1 4250. These 
criteria, with the help of the Atlas by Morgan, Keenan, and Kellman, would indicate a 
luminosity class distinctly brighter than V and probably between III and IV. Perhaps 
the spectrum can best be described as that of a subgiant. In this respect the star would 
be similar to the cooler components of a large number of Algol-type variables with class A 
primaries. What makes the G star in the system of UX Mon unusual is its large mass. 
The mass of the cool companion in the usual Algol-type variable is less than 1©, and 
it has a radius of 2-30. 

If my determination of a, sin i and ag sin i can be relied upon, we find, with Gaposch- 
kin’s photometric values of r4 and rg in terms of (a4 + ae), 


rg =1.3X10°8km = 1.80 , 
rg =4.6X10%km = 6.60 . 


These values are not unreasonable, although the cooler star appears to be consider- 
ably larger than is the case in ordinary Algol-type binaries. 


™In Figs. 12 and 13 the weaker components of double lines whose stronger components belong to the . 
star have been labeled as ‘“G-star—Comp. II.” These lines belong to the A star, as do also the single 
Ines of Fe 11 4233. 
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THE POSTMAXIMUM SPECTRUM OF x CYGNI* 


W. MERRILL 
Mount Wilson Observatory 
Received May 24, 1947 


ABSTRACT 


The spectrum of the long-period variable x Cygni combines characteristics of classes M and §. 
Numerous bright lines are unusually intense. Spectrograms extending from the blue into the ultraviolet, 
dispersion 10 A/mm, were obtained over the interval from 41 to 162 days after maximum; the corre. 
sponding range of magnitude was from 6.3 to 11.4. 

Dark lines.—The atomic-line spectrum resembles that of R Andromedae, class Se, but the 770 bands 
are as strong as in class M6. The velocities exhibit a very slight increase (algebraic) with advancing phase. 
a between various cycles are small. Residuals of individual lines behave as in other red vari- 
ables. 

Bright lines.—After maximum, bright lines of Fe 1 increased in number from 30 to almost 100. Most 
of them grew stronger throughout the period of observation, but a few high-excitation multiplets had 
their maximum intensities about 114 days after maximum. The behavior of multiplet (2) illustrates the 
tendency of bright lines to escape from the effects of the reversing layer as the phase advances. A pe- 
culiarity of physical interest is the inordinately high intensity of bright lines from upper levels 2°G, 
and z°Gp. A third level possibly emphasized is w®D,, and others not so outstanding are y®F; and y5F:, In 
Zr1 level x'G, is the only one that gives use to bright lines. In several other elements possible examples 
of excitation by line coincidence are noted. 

Numerous bright lines of Co 1 and Nit have been identified. Multiplets having certain /ower levels are 
emphasized. This fact probably finds its explanation in the different relative intensities of absorption 
and emission lines at various excitation potentials. 

Numerous bright lines of Fe 1 became outstanding with advancing phase; forbidden lines appeared 
about 100 days after maximum and strengthened rapidly during the next two months. Other bright lines 
discussed are those of H, Mg1, Sit, Mnt, Int, and the curious displaced components of Al1, Cat, 
and other elements. 

Velocities from lines of H, Fe 1, and Ti 11 agree with one another and vary little with phase; velocities 
from Fe 1 lines increase slightly with excitation potential and with phase. Observations of R Andromedae 
and x Cygni suggest that Se variables have smaller periodic variations in the positions of lines both 
bright and dark than do Me variables. 

Wave lengths of numerous bright lines measured on Plate Ce 3505, phase +162 days, magnitude 
11.4, are collected in Table 13. The table indicates how the intensity behaves as the phase advances. A 
number of strong lines remain unidentified. 


The variability of x Cygni, 194632, was discovered in 1686 by G. Kirch as a result 
of comparing the sky with Bayer’s star atlas of 1603. The only variable stars discovered 
earlier are o Ceti (1596) and 6 Persei (1669). The period of x Cygni is 406.5 days witha 
mean magnitude range of from 5.3 to 13.3. The extreme range has probably been 10 
mag.; thus at the brighter maxima the star is about ten thousand times as bright as at 
the fainter minima. 

The spectrum was classified Md at Harvard. Later observations with slit spectro- 
graphs have shown that it combines characteristics of classes M and S. Numerous 
bright lines are unusually intense. Previous observations of x Cygni with slit spectro- 
graphs are listed in Table 1. 

In the present investigation, spectrograms having dispersion 10.3 A/mm were ob- 
tained with the 100-inch telescope at four epochs after maximum light in 1944 and at 
one epoch in 1945 (Table 2). All were on the IIa-O emulsion supplied by the Research 
Laboratory of the Eastman Kodak Company. In 1944 the plates were baked at 50°C 
for 3 days prior to exposure. ia 

The dates of observation are marked on the light-curve in Figure 1. I am again I 
debted to Mr. Leon Campbell of the Harvard Observatory for the photometric data. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 735. 
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TABLE 1 
PREVIOUS OBSERVATIONS WITH SLIT SPECTROGRAPHS 
Observatory Observer Year Reference 
Potsdam......... G. Eberhard 1901, 1902 Ap. J., 18, 198, 1903 
Univ. Michigan...| P. W. Merrill 1914 Pub. Obs. Univ. Michigan, 2, 45, 
1916 
F. S. Hogg 1932 Unpublished 
1920 1928 Mt. W. Contr., Ap. J. 
1921 1932 No. 200 53, 185, 1921 
and § Mount Wilson....| P. W. Merrill 1923 1937 264 58, 215, 1923 
vielil 1926 1938 399 71, 285, 1930 
Corre. 1927 1939 539 83, 272, 1936 
642 93, 40, 1941 
bands 649 94, 171, 1941 
phase. 
vari- 
. Most 
ts had TABLE 2 
Vr JOURNAL OF OBSERVATIONS 
i Rap VEL. FROM 
PLATE Da JD Vis. PHASE Exp. an. Loree 
els are CE aad 243 Mac. (Days) MIN. 
rption Km/Sec | No. Lines 
1944 Apr. 7 1188 7.9 | +68 
Can ee Apr. 9 1190 8.0 | + 70 232 —3.0 31 
|.) May 11 1222 9.3 +102 312 —3.6 47 
ities er June 4 1246 10.2 +126 388 —6.5 28 
July 10-11 | 1282-83 | 11.4 +162-63 | 792 -5.7 21 
bel 3758........| 1945 Apr. 27 1573 6.3 + 41 142 
BM. sce oe Apr. 28 1574 6.3 + 42 142 —2.3 162 
‘tude CC Apr. 29 1575 6.4 + 43 286 
| Apr. 30 1576 64 | +44 
0........ Apr. 30 1576 6.4 | + 44 
esult 
itha * 1945 
n 10 
as at 
ctro- 
Tous 
ctro- 
 ob- 
at 
arch 
0° C 
n J.0.2431200 1400 1600 1800 
ats Fic. 1.—Light-curve of x Cygni showing dates of spectrograms (see Table 2) 
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ABSORPTION LINES 


The spectrum as a whole with its strong 7i0 bands has the general appearance of 
class M6, but (inconspicuous) ZrO bands! and the intensities of certain atomic lines 
suggest class S. The general atomic-line spectrum does not differ greatly from that of 
R Andromedae, class Se (although the excitation temperature appears to be somewhat 
lower), or from that of o Ceti, M6e. The numerous minor differences in line intensities 
call for future detailed study. 

The mean radial velocities derived from absorption lines on spectrograms in the 
present series are recorded in Table 2. The velocities appear to decrease algebraically 
with advancing phase, but the changes are small. Likewise the differences from year to 
year (Table 3) are small. 


TABLE 3 
RADIAL VELOCITIES NEAR MAXIMUM LIGHT 
Abs. Emission 
Observatory* Year Lines Lines 

(Km/Sec) (Km /Sec) 

1901 +2 —20 

1920 —2 —18 

1923 —3 | —18 

1928 0 —14 

Mount Wilson....... 1938 —4 —21 

1939 +4 —12 

1944 —3 —15 

1945 —2 —15 


* For references see Table 1. 


The residuals yielded by various lines behave much as in R Leonis? and other Me 
stars. The K lines \ 4044, d 4047, are displaced shortward 3 km/sec with respect to the 
mean velocities adopted for absorption lines. Iron lines at excitation potential 1.0 volts 
are displaced longward 2 km/sec with respect to ultimate lines. 


EMISSION LINES 


Bright hydrogen lines are outstanding features of the maximum and early post- 
maximum spectrum. They appear on a long series of Harvard objective-prism photo- 
graphs, the first of which was taken in 1890. A few additional bright lines were detected 
on some of the Harvard plates, but it remained for slit spectrograms to record scores of 
bright lines and to reveal the remarkable complexity of their behavior (see references In 
Table 1). The spectrograms discussed in this paper have higher dispersion than my 
earlier plates and make possible a more detailed study of the lines. 

The bright lines, with their remarkable changes of intensity as the phase advances 
from maximum toward minimum, are similar to those in R Andromedae, class Se; and 
in both stars the chief lines and their cyclical changes follow the general pattern pre- 
viously found to be typical of Me variables. The spectrograms of x Cygni show an 
emission-line spectrum richer than that previously photographed in any long-period 
variable. 


1The ZrO band \ 4619 is shown in P. W. Merrill, Spectra of Long-Period Variable Stars (Chicago: 
University of Chicago Press, 1940), Pl. II. 


2P. W. Merrill, Mt. W. Contr., No. 720; Ap. J., 103, 275, 1946. 
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Lines of Fe I.—About 30 bright lines of Fe 1 were identified during the first 2 months 
after maximum. The number increased to almost 100 on Plate Ce 3505, phase +162 
days. Most of the lines grew stronger throughout the period of observation. An excep- 
tion, however, was offered by multiplets (72), (73), (74), and (75), whose lines had their 
maximum intensities about 110 days after maximum. 

The estimated intensities of lines of multiplet (2) at various phases are in Table 4. 
In the last column, phase +162 days, the relative intensities are nearly the same as in 
the laboratory. At earlier phases the intensities are modified, probably by 770 band 
absorption, as in R Leonis.* The behavior of this multiplet presents another example 
of the general tendency of bright lines to escape from the effects of the reversing layer 
as the phase advances. 

Intensities in multiplet (3) are approximately the same as in the laboratory, except 
that \ 4216 is relatively weak, probably being interfered with by \ 4215 Sri. A pe- 
culiarity of multiplet (4) is the absence in emission of the leading line \ 3860. Four of 
the stronger lines of (5) appear to be present at the later phases but, if correctly iden- 
tified, yield negative displacements of about 15 km/sec with respect to other bright lines 


TABLE 4 
INTENSITIES OF EMISSION LINES OF Fe I MULTIPLET (2) 


xX (PHASE IN Days) 


| 
I.A. | LaB 

| | +43 +69 +102 +126 +162 
ke 9 1 1 2.5 3 3 
4461.65 1 2 2.5 


of Fe 1. All lines of (20), with the possible exception of \ 3820, are present in moderate 
or low intensity; the intensities of the first five lines relative to the others are less than 
in the laboratory. In (21) several lines were noted as unusually sharp; lines with upper 
level y°F2, and possibly y*F;, seem relatively strong. 

The extraordinarily high intensities of the bright Fe 1 lines with upper level z3G, have 
been noted in the postmaximum spectra of many long-period variables.” * ° © The be- 
havior of multiplets (24) and (42) in which these lines occur is indicated in Table 5. 
Very similar behavior is now clearly shown by multiplets (23) and (41), in which lines 
from the upper level z°Ge are inordinately strong (Table 6). Another possible instance, 
not nearly so well marked, is supplied by multiplet (21), in which lines from upper levels 
y’F; and y*F, appear relatively stronger than in the laboratory. 

In x Cygni, as in many other red variables, an outstanding bright line at 3852.6, if 
correctly identified with an Fe 1 line of (73), is inordinately strong, compared with other 
lines of the multiplet. The upper level of this line w*D, produces no other lines except 
\ 3171, (52), in the far ultraviolet and two weak lines \ 4373, (214), and d 5787, (625); 
none of these has been observed in long-period variables, and the evidence for wD, as 
an emphasized upper level is thus less complete than for ’28G, and z°Gs. 


*P.W. Merrill, Pub. A.S.P., 58, 304, 1946. * Thackeray and Merrill, Pub. A.S.P., 48, 331, 1936. 
* Merrill and Thackeray, Pub. A.S.P., 49, 120, 1937. 
°A. D. Thackeray, Mt. W. Contr., No. 580; Ap. J., 86, 499, 1937. 
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Measured displacements of 17 multiplets are arranged in Table 7 according to excita- 
tion potential and to phase in the light-cycle. The values tend to increase algebraically 
with both these parameters.’ The change in displacement in passing from E.P. 3.1 
(upper term) to 5.3 volts is about +8 km/sec and seems to be about the same at all 
phases. Similarly, the change in displacement in passing from phase +43 to +162 days, 
about +5 km/sec, is about the same for all excitation potentials. The effect is probably 
due in part to absorption components on the longward sides of many of the bright lines. 
The dark lines tend to become less intense relative to the bright lines with increasing 
TABLE 5 
EMISSION LINES OF Fe I MULTIPLETS (24) AND (42) 
(24) a8F —29G (42) —23G 
Intensity Intensity 
LA. J LA. J 
Lab x Cyg* Lab | x Cyg* 
4-4 25 8 3-4 35 30 
3466.50... 5-4 3 0.3 4-4 30 20 
3-4 60r 13 
* Plate Ce 3505, phase +162 days. t Blend with an Fe line of multiplet (2)? ee *h 
TABLE 6 
EMISSION LINES OF Fe I MULTIPLETS (23) AND (41) 
(23) a5F —25G (41) —25G 
Intensity Intensity 
1A J LA J 
Lab. x Cyg* Lab. x Cyg* 
5-6 250R tr 455 45r 2 
2-3 125R tr 4-4 15 0.5 
1-2 100R 5 3-3 10 bl? 
io 2-2 30 4 
4-3 
3-2 4 1 
* Plate Ce 3505, phase +162 days. if 
7 A similar result, somewhat less marked, was shown by the Fe1 lines in R Andromedae, as I pointed t 
out in Mt. W. Contr., No. 730; Ap. J., 105, 360, Table 8, 1947. 


SPECTRUM OF x CYGNI 


279 


excitation potential and with increasing time after maximum light; naturally, as they 
become weaker, they have less effect in causing small displacements in the measured 
positions of the bright lines. The disturbing effect of the dark lines may not be the whole 
story; it certainly is not the main cause of the relatively large general displacement of 
bright lines with respect to the absorption spectrum. 

Lines of Co I.—About 30 bright lines, mostly of moderate or low intensity, have been 
identified with Co1. Among the stronger are: multiplets (16) 4020.90; (28) 4131.32, 


TABLE 7 
RADIAL VELOCITIES FROM EMISSION LINES OF Fe I 
(Km/Sec) 
Uprer TERM PHASE (Days) 
MULTIPLET | 

Desig Prat +43 +69 +102 +126 +162 a 
z'F 2.8 —25.6 1*| —22.5 1*| —18.0 —17.0 5*| —18.8 7*/........ 
z'P 3.0 —23.3 2} —19.8 1! —18.8 4] —18.2 5] —19.0 5]........ 
Mean? —24.4 —21.2 —18.4 —18.9 —21.1 —20.8 
4.1 —25.9 1} —20.6 2} —15.05 | —18.7 10 | —15.9 11 ]........ 
|| 4.2 —20.8 2} —20.2 2| —18.6 4] —19.9 8] —18.8 10]........ 
2G 4.3 —26.1 3 |.—21.5 2 | —16.2: 3 | —15.3 4)}..... 
2G 4.4 —20.0 2 | —19.1 2} —16.92 | —17.6 3} —13.3 3]........ 
Meanf..|....... 4.2 —21.7 —20.4 —16.5 —17.3 —14.8 —18.1 
2G | —19.5 3} —15.0 3] —11.8 4]........ 
2G 4.4 —20:8 2 | —17.6 2 | —15.63 | —15.3 4 | S$}... 
y*F 4.6 —18.6 2} —16.6 2} —15.7 3] —16.7 4] —13.8 3]........ 
y*D 4.7 —13.8 1} —14.1 1} —15.64) —14.5 5 | —13.4 5]........ 
4:5 —17.7 —16.1 —16.6 —15.4 —13.6 —15.9 
x°P 19.3.2) .—11.4.3-| — 7.834 — 7:1. 3) 
73 wD 5.4 —16.8 3] —14.43} —11.5 4] -—11.9 —10.7 4]........ 
| | | —13.34| —11.84| ~10:1 4] 2}........ 
wD —18.2 2} —14.0 2; —13.61]— 9.0 1); —10.1 1]........ 
Meant..|....... 5.3 —12.9 ..| —11.7 —10.6 —11.1 —12.6 

Over-all | 
4.3 —20.1 —17.9 —15.8 —15.6 —15.2 —16.9 


* Number of lines. 
t The /ower terms of the multiplets entering into the four sets of means have the respective excitation potentials 0.0, 0.9, 1.5, 


and 2.2 volts. 


4118.77; (31) 3995.31; (32) 3935.96; 3997.90; (34) 3845.47; (58) 4086.30; all were meas- 
ured also in the spectrum of R Andromedae. Most of the Co I lines appear to have their 
greatest intensity about 130 days after maximum light. Many of them are slightly 


diffuse. 


Most of the lines have the lower term a?F, E.P. 0.9 volts; three or four have the lower 
term b‘P, E.P. 1.9 volts. No ultimate lines have been detected; in this respect the be- 
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havior differs strongly from that of lines of Fe 1. In Co a general tendency toward emis- 
sion is apparently overcome in ultimate lines by the absorption of the numerous atoms 
in the ground level; although in Fe this appears to be true for some of the very strong 
lines, at the later phases the emission of certain lines becomes so intense that it cannot 
be hidden by absorption as weak as that in multiplets (2) and (3), for example. 

Lines of Ni I.—About 15 bright lines, mostly of low intensity, have been identified 
with Ni 1. Among the stronger ones are: multiplets (30) 3783.53, 3736.81; (32) 3858.30; 
(52) 4331.64; all were measured also in the spectrum of R Andromedae. The N71 lines 
reach their greatest intensities later in the cycle than do the Cot lines; in fact, they 
appear to be growing stronger throughout the observed interval after maximum up to 
phase +162 days. 

Most of the bright Ni1 lines have the lower term a'D, E.P. 0.4 volts. One rather 
strong line, \ 4331.65 (52), has the lower term b'D, E.P. 1.7 volts. The measured wave 
length of this line is persistently greater than the laboratory value by 0.1 A. This dis- 
crepancy is probably an example of the tendency of high-excitation lines to have positive 
displacements, although, of course, it is possible that this line is blended or even wrongly 
identified. 

One or two strong ultimate lines are probably present in low intensity. In this respect 
the behavior is intermediate between that of Cot and that of Fei. In Cot ultimate 
lines have not been observed; in Fei, at the later phases, they become outstanding. 
Ultimate lines of Ni1 and possibly even those of Co1 might be strong at phases later 
than those observed. 

Lines of Si I.—The line \ 3905 appears to consist of two components only partially 
separated, the one of shorter wave length being the stronger. Table 9 gives two values 
for this line, the upper one corresponding to the stronger component, the lower to the 
effective center of the whole line. For some unknown reason, the line \ 4103 has a con- 
sistent positive displacement of about 10 km/sec with respect to the velocity yielded by 
most other elements. 

Lines of Mn I—As in R Andromedae, the strong components of lines of the triplet 
near 4030 have a persistent negative displacement of nearly 18 km/sec with respect 
to the bright lines of most other elements. At the later phases a weaker component ap- 
pears about 0.4 A (30 km/sec) longward. It is hoped in a future Contribution to make a 
detailed report on the behavior of these Mm 1 lines in several variables. 

Lines of Zr I—The possibility that several emission lines of Fe 1 in Me spectra are 
excited by the strong ultraviolet line of Mg 11, \ 2795.52, was noted by A. D. Thackeray® 
and P. W. Merrill’ about ten years ago. A recent investigation by I. S. Bowen* shows 
that four lines in the postmaximum spectrum of x Cygni (Table 13) are Zr 1 lines from 
the upper level, x'G4, probably excited by the same line of Mg 11 (see Table 12). 

Line of In I.—As in several other variables, the line \ 4511 has a considerable positive 
residual with respect to bright lines of other elements. The accompanying tabulation, 
which gives the apparent difference in velocity, \ 4511 minus H, for four stars, suggests 
that the presence of strong 7iO band absorption may cause the wave length of bright 
d 4511 to be measured about 0.08 A too large. 


Star | TiO 


| 
| Yes | +5.5 km/sec 
| Yes | +5.8 


8 Pub, A.S.P., 59, 196, 1947. 
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Lines of Fe II.—Numerous bright lines of Fe 11 are measurable on all the spectro- 
grams. Most of them grow stronger with advancing phase until about +120 days, after 
which they tend to weaken. As in R Andromedae, multiplet (1) in the extreme ultraviolet 
is remarkably intense. The relative intensities of the lines are about the same as in 
R Andromedae,’ except that A 3255 is stronger, although it is still somewhat less intense 
than \ 3281, whereas in the laboratory it is slightly stronger. The radial velocities de- 
rived from several multiplets (Table 8) seem not to vary with phase or with excitation 
potential. 

Forbidden lines begin to appear about 100 days after maximum and strengthen 
rapidly during the next 2 months. Their velocities agree with those from the permitted 
lines. 

Lines of Ti II.—A number of lines of 77 11 persist in low intensity during most of the 
observed portion of the light-cycle, the phase of greatest intensity being perhaps +120 
days, with a noticeable weakening by + 160 days. 


TABLE 8 
RADIAL VELOCITIES FROM EMISSION LINES OF Fe II 


Upper TERM ‘ PaaseE (Days) 

E.P. +100 

Desig. (Volts) +43 +69 +102 +126 +162 (Mean) 

| | 48 | -15.2:54.......... —15.1 7*| —16.2 

2D 4.8 | ~11.41]| —10.9 1% —11.11| —12.6 1% —12.3 1 | ~11.7 

5.5 ~15.33 | —15.22| —13:3 4| —14.4 4) 

5.6 |(— 7.5)1 |(— 7.8)1| — 9.41] —13.73] — 7.83] — 9.9 

5.3 | ~95.2 1.) ~16.2 | —15.8 
Weighted | 

—14.7 | —14.4 —$$,3 —14.2 —14.6 —14.6 


* Number of lines. 


General.—The velocities yielded by the bright lines of several elements are compared 
in Table 9. As in R Andromedae, the displacements of H, Feu, Tit, and Mgt in 
multiplet (3) agree with each other and vary little with phase. Moreover, Mg 1 \ 4571 
and the lines of Fe 1, which at first appear as bright fringes on the shortward sides of 
dark lines and thus have negative residuals, tend as the cycle advances to assume the 
standard velocity. 

Displacements of bright lines of various elements (e.g., H and Fe 11) exhibit smaller 
differences in R Andromedae and x Cygni than they do in Me variables; and variations 
with phase also are smaller. At the same time the light-ranges of R Andromedae and 
x Cygni are relatively large. It thus appears doubtful that the complex behavior of the 
bright lines will find a simple explanation in terms of volume pulsation. 

Displaced lines —The general over-all displacement of the bright lines shortward with 
respect to the absorption spectrum has been observed and discussed for many years. 
Not so well known are the additional shortward displacements exhibited by bright lines 
which develop usually at the later phases in certain very strong lines of Ca m1, Al 1, Cr1, 
Fei, and one or two other elements. These lines are slightly wide and often appear 


*P. W. Merrill, Mt. W. Contr., No. 730; Ap. J., 105, 360, Table 9, 1947. 
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slightly unsymmetrical, being more sharply bounded on the longward side. Their dis- 
placements, greatest for the lines which are strongest in absorption, tend to decrease 
with phase. 

The displaced lines of Ca 11, previously observed in the spectra of several long-period 
variables, become especially intense in x Cygni. The anomalous reversal of the normal 
intensities of H and K is marked (Table 10). As in other variables, the intensities in- 
crease and the negative displacements decrease with advancing phase. 

The strong A/1 lines, \ 3944 and \ 3961 between H and K, also exhibit displaced 
emission (Table 10), although the intensities are much less and are more nearly the 
same in both lines than in the Ca 0 pair. 


TABLE 9 
RADIAL’ VELOCITIES FROM EMISSION LINES 
(Km/Sec) 
PuaseE (Days) 
— MULTIPLET | +100 
+43 +69 +102 | +126 +162 
Mean 
Table 5 —20.1 —17.9 | | —16.9 
(3) —17.0 —17.6 —16.7 —17.8 | -—16.2 | —17.1 
d 4103 — 6.5 — 6.1 70 — §.7 —§0 | 
2 —34. —39. | —33. —32 —29. | —33. 
4511 —11.7 -—10.0 | — 8.8 — 9.9 
Table6 | —14.7 | —14.4 | | -14.2 | | —14.6 
(13) —15.2 —13.8 —12.9 —14.3 —14.7 | —14.2 
* At the three att ee ie of is measured were 3, 9, and 14, respectively. 
TABLE 10 
DISPLACEMENTS OF BROAD EMISSION LINES 
(Corrected for Absorption-Line Velocities, Table 2) 
Cal All 
PHASE d 3933 | d 3968 » 3944 » 3961 
Disp!. | Displ Displ. Displ. 
Int. (Kms /Sec) Int. | (KmASec) Int. (Km/See) 
St a 3 —102 6 — 82 1 —58 1 —59 
Ct 4 — 94 7 — 67 1 —42 1 —45 
5 — 67 9 — 53 1 —29 1 —29 
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The Sr lines, \ 4077 and d 4215, also exhibit shortward displacements which de- 
crease with advancing phase. The line \ 4215 is the stronger of the two (although weaker 
in the laboratory) and has somewhat smaller shortward displacements. The behavior 
thus has a resemblance to that of the analogous Ca 11 lines, \ 3933 and d 3968. 

An ingenious method of determining the probable structure of the strong unobserved 
lines \ 2795 and \ 2802 of Mg 11, suggested by Ira S. Bowen, is outlined in Table 11, 


TABLE 11 
FLUORESCENT EXCITATION BY ULTRAVIOLET LINES OF Mg II 


OTHER CLOSE LINES 
ExcitinG Line 
Element AX Observed 
Fluorescence 
(Cot +0.71A No 
I +0. 30 No 
Fet +0.02 No 
Fer —0.52 Yes 
Fel —0.83 Yes 
+0.47 No 


TABLE 12 
ATOMIC LEVELS YIELDING ABNORMALLY INTENSE EMISSION LINES 


| 
| | 
Table 5 2795.01 Meu 2795.53 
3852.57 wD, 2794.70 Mgt 2795.53 
(3535. 16) 
x'G, 2795.14 Mg ut 2795.53 
61 
3907.48 y*P ay, 3933.38 Catt 3933.66 
4400.60 


*1.S. Bowen, Pub. A.S.P., 59, 196, 1947. 


which lists lines of other elements lying near the Mg 11 lines. It appears that only those 
lines of somewhat shorter wave lengths than the Mg 0 lines produce fluorescent effects. 
This result suggests that the emission portions of the Mg 1 lines are displaced shortward 
as in the H and K lines of Ca 11. 

Atomic levels that yield abnormally intense emission lines, together with the probable 
exciting lines, are collected in Table 12. The identification of the observed lines ascribed 
to Sc1, Ti 1, and Gat is not considered wholly certain. 

_ The bright lines measured on Plate Ce 3505, phase +162 days, magnitude 11.4, are 
listed in Table 13. The measured wave lengths have been corrected for a velocity (re- 
duced to the sun) of — 14.4 km/sec. Figures 2 and 3 show how strong many of these lines 


TABLE 13 
BRIGHT LINES MEASURED AT PHASE +162 DAYS (PLATE Ce 3505) 
Change | Change 
L.A. Int. with Ident. | TA. Int. with Ident. 
Phase* | Phase* 

Fen (6) 1 +110 | .32 Tim (13) 
95.80.. .81 Fen (1) 67.18. 19 Fer (21) 

03.46 47 Fen (1) | 74.86....| tr +120 | .82 Fe1 (73) 
13.99 .00 Fer 1) | +130 | .57 Nir (33) 
.99 Nil (7) | 76.51. tr +110 | .45 Fer (74) 

.98 (1) | 79.62. 0:5 1 Dec. 49 Fert (74) 
44. 33 ol (6) 83.47 53 Nir (30) 
04 Mnu (i) tr Dec 68 Fert (22) 
66.53 0:5 Inc 51 Fer (24) 87.87...) O:5 Inc.? | .88 Fer (21) 

0:5 Inc.? | .34 Cor (36)? 10 Fer (22) 
21.25 8 Inc.! 26 Fer (24) AE 
35:22 4 Inc 16 Zr1 (59) 97.98... In Dec 90 H 10 
tr Dec 19 Vin (5) 98.55... 2 Inc Siiver 
49.95 0.5 | Dec .87 Fet (48) (O29 Fer 
65.41 14 Inc.! | .38 Fer (24) 12.98... CMe wea 96 Fert (22) 
86.98 4 Inc .98 Fet (23) 58 Tim (12) 

3608.85....) 5 Inc .86 Fe1 (23) 15236: 1 Inc 84 Fer (45) 
.76 Fer (23)? | 16:44... +110 | .34 Fer (73)? 
.39 Nit (35) || 20.33... 1 Inc. 43 Fer (20) 
.92 Fer (5) 25.76 Inc. 88 Fer (20) 

3705.4, .57 Fet (5) 27.83 Inc. .82 Fer (45) 
11.99.. tr Dec OF Bf 1S 34.16 1 Inc .22 Fer (20) 
19:52... 3n Inc .94 Fer (5) 35.42 1.5n} Dec .39 Hn 
tr Dec .28 (75) 38.27 .29 Mgt (3) 
21.93.. tr Dec .94 H 14 40.39 0.5 Inc .43 Fer (20) 
27.43.. .62 Fer (21) 41.08 2 Inc .05 Fer (45) 
34.76.. .87 Fert (21) .82 Fer (22) 
36.84.. 2n Inc 13 Fer 5) 1 Inc.? | .30 Nix (32) 
1 Inc 22 Nit (2)? +130 | .16 Cor (33) 
43°33... 36 Fert (21) 12.42... .50 Fer (20) 
45.34.. 56 Fet (5) .02 Fer (20) 
48.89.. O35 | Dec 04 Nit (1)? 84.70....| trn +120 | .60 Cor (32) 
49.38. 49 Fet 21) Inc.? | .28 Fer (4) 
50.03. in Dec 15 H12 87.08... 1 Inc .05 Fer (20) 
.24 Fe1 (21) 89.02... Dec .05 He 

3759.29....| 1 +110 | .29 Tin (13) 3894.14....; 0.5 | Dec .07 Cor (34) 


_* Inc., increasing intensity; Inc.!, marked increase from phase +126 days to +162 days; Dec., decreasin intensity. For lines 
se appear to have a maximum intensity between phases +43 days and +162 days, the approximate phase of maximum Is 
indicated. 
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TABLE 13—Continued 


Change | | Change 
LA. Int. with Ident. \| LA Int with Ident 
Phase* | Phase* 
3898.01...) 0.5 |....... O1 Fer (20) || 4132.0... tr | Dec. | .06 Fer (43) 
95 Fer (45) || 34.29....) 0.5 | Inc. | .34 Fer (3) 
53 Sir (3) || 43.88...) 2 Inc. | .87 Fer (43) 
97 Nit (15) || 64.68....| tr Dec. | .64 Nir (28) 
14.53....| tr +130 | .48 Fem (3)? || 66.58....| 3 +150 | .51 
GO 18 Fer (20) 67.53....| tr 
22.75....| 1 Inc.? | .91 Fer (4) || 72.05....] 5 Inc.! | .05 Gar (1)? 
92 Fer (4) 72.76...) 0.5 | Inc.2| .75 Fer (19) 
30 Fer (4) || 73.48....{ 1 +120 | .45 Fem (27) 
36.02....| 1n | +130! .96 Cor (32) || 78.89....] 2 +130 | .86 Feu (28) 
+110 | .29 Fen (3) || 99.95....] 1 Inc. | .97 Fer (3) 
40.94 .88 Fer (20) 4202.07....| 20 Inc. | .03 Fer (42) 
43.74.. .O1 Alt (1) 3 Inc 70 (3) 
4527. 0.5 | +130) .21 Feu (3)? Inc S2 Sem ¢8) 
95 Fer (72) 16.05....| 2 Inc 18 Fer 
61.25. 52 Alt (1) || 32.67....| 1 Inc 72 Fer (3) 
67.89. 8n Inc 47 Cau (1) 17 Fem (27) 
70.06.. 2n | Dec .07 He 1 40.48.. 2 +140 | .44 Zri 
3.24. in | Inc 17 Nit (29) 42.49....| 2 Inc.! | .61 Zr1, — 
77.81. 74 Fer (72) || 43.68....} 3 
78.7..... 65 Cor (17) || 44.00....| 3 Inc. | .98 Fen (21F) 
95.35. | 31 Cor (31) || 46.83 83 Scu (7) 
97.97....| 2 £120 | 190 Cor (32). || 47.45 2 
4001.75. 2 4110} .67 Fer (72) | 50.31 1 Ines! 
05.28....| 1 Inc. | .25 Fer (43) || 50.73. | .79 Fer (42) 
09.94...) 0.5 | +110] Fer | 58.9...) tem 35 Crit (1) 
oS | +11 32 Tim OS | 
| 90 Cor (16) 58.28. 3 Inc. | .32 Fer (3) 
tr +120 | 14 Tim (11) 63.20. 1 
30.52....| 6 +130)! - 71.76. 1 Inc. | .76 Fer (42) 
30.91....| 3 Inc.t/| Mer (2) 0.5 | Inc.?| .80Cr1 (1) 
| | 76.85.. 1 Inc.! | .83 Fem (21F) 
33.26...) 2 | Inc.tfj ©) 92.65....) 2n | Inc. | .41 Fer (71) bi? 
; 
45.68.. | .80 Fer (43) 91.44. 3 Inc. 47 Fet (3) 
OB 30 Cor (36) 04.2..... 13 Fer (41) 
.62 Su (1F)?| 96.69 2n | Inc. | .57 Fem (28)? 
| 4300.10....) 0.5 |....... 05 (41) 
Fer (43) In | +130] .93 Tim (41) 
ix. | 0.5 | +130) .17 Fem (27) 
| 05.89....1 1.5 | Inc. | .90 Fem (21F) 
84.49. 1 Inc. | .91 Fer (42) 
86.34. 1 +120} .30 Cor (58) | tr +130} .62 (5) 
90.7..... || 15.07....| 0.5n| Inc.?| .98 Tim (41) 
92.30. 2n Inc.2 | .39 Cor (29) | 19.61....) in Inc.! | .62 Fem (21F) 
4101.7..... 6n | Dec. | .74 Hé 
03.06...., 2n | Dec. | .93 Sit (2) 25.68....| 0.5 | +150] .76 Fer (42) 
18.81....| 3 +140 | .77 Cor (28) || 38.14 
19.53....| tr | 40.44...) 8n | Dec. | .47 Hy 
412136...) 1 +140 | .32 Cor (28) || 4347.0..... See note 
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TABLE 13—Continued 


| | 
| Change | Change 
cA. Int. | with | Ident. i| I.A. | Int. with Ident. 
| Phase* | | Phase* 
| .76 Fem (27) || 4442.4..... tr +120?) .34 Fer (68) 
52.78. 0.8 | Inc. | .78 Fem (21F) || 43.9.....) 0.5 | +120 | .80 Tim (19)? 
56.60..../ er | 57.98... 1m | Inc! | 95 Fen 
58.43....| 0.8 Inc. | .37 Fear | 3 | Inc. .65 Fer (2) 
3 Inc.! .34 Fem (7F) | 66558 <tr Inc.? | .5/ Fei (2) 
67.13....| | 74.89....).tr | Inc. | .91 Fem  (7F) 
67.99....) 1 | +120} .90 Fer (41) | 82:09.....1 2 | Inc.! | .17 Fer (2) 
69.53...) 1 89.65..... 2 | Inc. | .74 Fer (2) 
“6 | +140 | .38 Tit (277)? | Inc.? | Fer (68) 
+140 .93 (2) | 4501.26....; 0.5 | +120?) .27 Tim (31) 
83.52. 2n | +120| .54 Fer || 
84.40. 0.5 Phase +126 Days (Ce 3443) 
85.36. | .38 Fem (27) || 
89.23 tr | Inc.? | .24 Fer | 
99 02 | | .61 Fer (68) 
4400 64 | 15 Fer (39) 
08.5 t 42 F 68)? .48.... . Feu ) 
et || ss. oF In | Fe (37) 
15.16....| 1.5n| +120| Fer (41) || 71-08...) 15 Inc. | .10 Mg 
16.32.. 355 Inc.! } Fe (6F) i} 4861 18 10n | 33 Hg 
NOTES TO TABLE 13 
3565.41 The line appears to consist of two components, one at \ 3565.34, intensity 10; another at 


3757.98 


3852. 66 
d 3905.58 


d 3945.27 
d 4045.68 


4092. 30 
4215.51 
d 4247.45 


d 4315.07 
d 4325.68 
d 4347.0 

d 4352.78 
d 4375.88 


4511.39 
4534.05 


d 3565.00, intensity 3. The longward component developed rapidly after phase +100 days. 
The line appears to consist of two components, one at A 3757.84, intensity 1; the other at 
d 3758.19, intensity 0.5. 

At earlier phases a faint companion lies 0.4 A shortward. 

At earlier phases components were measured at \ 3905.43 and \ 3905.71. The intensity on 
the longward component gradually increased from 0.4 to about 1.4 times the intensity of 
the other. 

Possibly blended with d 3945.33 Cor (29). 
At earlier phases this line may have a component (possibly a companion line of another ele- 
ment) about 0.3 A shortward. 

Possibly double, with components of nearly equal intensity at \ 4092.12 and » 4092.44. 
Unsymmetrical; main component at A 4215.43, with a fringe or faint component at \ 4215.62. 
The remarkable preminimum bright line previously observed with low dispersion (P. W. Mer- 
rill, Mt. W. Contr., No. 539; A p. J., 83, 272, 1936) at \ 4245 is here resolved into several lines 
from \ 4242.49 to \ 4247.45. The line \ 4242.49 is probably a blend of \ 4242.61 Zr1 with 
an unidentified line, whose wave length might be \ 4242.4. 

Possibly blend with \ 4315.09 Fer (71). 

Pessibly blend with \ 4325.74 Fe (2). 

Possibly blend of \ 4346.85 Fe u (21) with \ 4347.24 Fe1 (2). 

Possibly blend with \ 4352.74 Fe (71). 

At the earlier phases the wave length was shorter by about 0.1 A. The increasing relative 
intensity of emission with respect to absorption on the longward side may account for the 
slight increase in wave length. 

This line and the following ones were measured at phase +126 days, Plate Ce 3443. Wave 
lengths greater than \ 4510 are not on Plate Ce 3505. 

Possibly a blend of \ 4533.97 Ti (50) and \ 4534.17 Fe 1 (37). 
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are, in comparison with the underexposed background of continuous spectrum. Unidenti- 
fied bright lines from Table 13 and a few measured only at earlier phases are collected in 
Table 14; the wave lengths, derived from all available measures, may differ slightly from 
those in Table 13. 

In Tables 13 and 14 an attempt has been made to give an idea of the behavior of each 
line as the cycle advances. The indicated phase of maximum observed intensity is, of 
course, only approximate but should be helpful in checking possible identifications. The 
lines may be grouped according to the time of maximum intensity as follows: 

I. Lines whose intensities decrease steadily after maximum light. The phase of greatest 
intensity in the present series of spectrograms is +40 days. Two of the strongest uniden- 
tified lines are \ 4138.53 and \ 4521.72. 


TABLE 14 
SURVEY OF UNIDENTIFIED BRIGHT LINES 


Max. Ops. Int. Max. Oss. Int. Max. Oss. Int. 
L.A LA. L.A 

Int Phase* Int Phase* lat Phase* 

(Days) (Days) (Days) 
3421.2....... tr +( 3952.86......) 1 + 2 + 160! 
3724.4 0.5 + 90 || 4081.46...... 0. + 160! G2 .4e).. oh 1 + 70 
ZO eos 0.5 + 70 84.49 1 + 160!)) 4325.11 1 + 70 
35.34. 10 + 160! 88.01 1 + 160!) + 160 
42.31. 0.5 + 40 95.52...:.. 2 + 140 38.14... 0.5n| + 160 

0.5 + 140 98.95 1 + 50 0.5 + 160 
63 .3-63.4 2 + 110 |} 4119.46...... 1 + 40 67213... 0.5 + 160! 
85.99... 0.5 + 40 CS. ee 0.5 + 110 OCRSEo...53: 1 + 160! 
87.54. 1 + 40 38.53 + 40 12:52. 1882 6 + 140 
94.52. 1 + 40 Se. 1 + 70 (eee 1 + 160 
Cf 3 2 + 100 72.05 Ga 1?} 5 + 160! | 0.5n| + 160 
20.8 1 + 130 |} 4243.68...... 3 + 160! $8.25... In + 160! 
22.87 0.5 + 40 MT 55 i 3 + 160! 93.35 0.8 + 160! 
26.3 1 + 130 47.45.. 2 + 160!}} 4400.6....... 1 + 160 
1 + 40 SO. SE... 1 + 160! 4 + 160! 
3907 .44 Sc 1?. 1 + 120 55.90. . 0.5 + 160 || 4518.72.. 1 +(160) 
13.6-13.7..} 1 + 100 63.19... 1 + 160 24 72k. 3 + 40 

+ 40 80.47.. 2:5 + 160! 


* An exclamation mark (160!) indicates that the line was much stronger than at earlier phases. 


II. Lines which have their greatest intensities at intermediate phases. Lines of Co 1, 
Feu, Tiu, Y u, and high excitation lines of Fe 1 fall in this group; other lines of Fe 1 
appear to be intermediate between groups II and III. 

III. Lines which grow stronger rapidly after phase +130 days. These are marked 
“Inc.!” in Table 13 or “+160!” in Table 14. Most of the identified lines are due to 
[Fe 11]. Whether most of the unidentified lines of type III also are forbidden remains to 
be determined. 

The numerous unidentified lines constitute an engaging problem. The same lines 
probably occur in many or all typical variables of classes Me and Se, although they 
appear to be especially strong in x Cygni. Further data concerning these lines (and 
possibly additional lines) can eventually be obtained from suitable spectrograms taken 
closer to minimum light. 


I am indebted to Ira S. Bowen for helpful discussions of the identification and be- 
havior of the bright lines. 


THE ABSORPTION LINES WITHIN THE HYDROGEN 
EMISSION OF MIRA CETI* 


ALFRED H. Joy 
Mount Wilson Observatory 
Received June 14, 1947 


ABSTRACT 


On spectrograms taken with the high dispersion of the coudé spectrograph, most of the absorption 
minima within the emission lines of Mira Ceti may be identified with metallic lines of the reversing layer 
of the star. Sixty-five lines were thus assigned to thirteen elements, and four other lines in Hy were at- 
tributed to 770. The measurements seem to furnish sufficient proof that the hydrogen producing the 
emission lines is at a lower level than the source of the numerous metallic absorption lines of the star’s 
atmosphere. 


In 1899, W. W. Campbell! reported that the bright hydrogen lines Hy and Hé in the 
three-prism spectra of o Ceti were not single lines but were made up of three components. 
W. H. Wright? found but two components of Hy at the following maximum, but in 1909 
the three components were again seen. Three components of both lines were recorded® 
in 1925 on Mount Wilson spectrograms taken with the three-prism spectrograph. On 
coudé spectrograms of high dispersion, taken before or shortly after maximum light, 
similar abnormalities have been seen in each of the hydrogen lines observed in Mira 
Ceti and other long-period Me variables. The broad emission lines seem to be broken up 
into several components by absorption lines having different widths and intensities. The 
appearance of some of the lines is well shown by reproductions of coudé spectrograms‘ 
and by the microphotometer curves of Figures 1 and 2. An obvious and perhaps sufficient 
explanation of the peculiar structure of the hydrogen lines is that they originate at a com- 
paratively low level in the star’s atmosphere and are so greatly widened that the over- 
lying atoms of other elements of the reversing layer absorb narrow portions of the out- 
going radiation in the characteristic lines of those elements. The apparent components 
of the bright lines are then the remaining wave lengths of emission not affected by such 
absorption lines as happen to occur at positions intermediate between the extremities of 
the hydrogen radiation. This explanation was, in principle, advanced many years ago 
by Miss A. Clerke’ to account for the weakness and disappearance of He in the spectrum 
of o Ceti at certain phases and was later applied by C. D. Shane® to the weakened ultra- 
violet hydrogen lines Hf, Hx, Hd, Hu, and Hé. P. W. Merrill’ strongly supports this 
theory as a general explanation of the mutilation of the emission lines in long-period 
variables. He was able to identify some of the absorption minima within H¢, Hn, H@, 
and A: with lines which might be expected in the reversing layer; he also suggested that 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 737. 
1Ap. J., 9, 31, 1899. 

® Lick Obs. Bull., 6, 60, 1910. 

5A. H. Joy, Mt. W. Contr., No. 311; Ap. J., 63, 303, 1926. 


4P. W. Merrill, Spectra of Long-Period Variable Stars (Chicago: University of Chicago Press, 1940), 
opp. p. 57 (7 11, U Ori; Hé and Hy, o Cet); Mt. W. Contr., No. 713; Ap. J., 102, opp. p. 349, 1945 
(Hy and Hé, U Ori); Pub. A.S.P., 57, opp. p. 179, 1945 (H 10 and H 11, o Cet); W. S. Adams, Mt. W. 
Contr., No. 638, Ap. J., 93, opp. p. 14, 1941 (H 16, o Cet). 


5 Problems in Astrophysics (London, 1903), p. 226. 
6 Lick Obs. Bull., 10, 132, 1922. 
7 Spectra of Long-Period Variable Stars, p. 72; Pub. A.S.P., 57, 178, 1945. 
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the low intensity of Ha, HB, and Hy might be due to the absorption of the TiO bands. 
W. S. Adams identified certain lines of iron, chromium, and vanadium with the absorp- 
tion lines in Hé, H¢, H 10, and H 16. 

An extensive series of spectrograms of Mira Ceti obtained by Dr. P. W. Merrill and 
the writer during the years from 1934 to 1947 now makes it possible to study this inter- 
esting problem in greater detail than has hitherto been possible. Eighty-eight spectro- 
grams were used in measuring the wave lengths of the absorption lines within the hydro- 
gen emission lines. Of these, 75 were taken with the coudé spectrograph of the 100-inch 
telescope and 13 with the three-prism ultraviolet spectrograph at the 60-inch. The ap- 
proximate mean dispersions are: 40 plates, 3 A/mm; 33 plates, 10 A/mm; 10 plates, 
15 A/mm; and 5 plates, 20 A/mm. Nineteen of the spectrograms extend to H 18, \ 3696, 
in the ultraviolet, but only a few scattered measures were possible in the complicated 
region of shorter wave length, where the distinction between bright lines and spaces 
separating absorption lines is difficult. 

The means of the measured wave lengths of the absorption lines within and near the 
emission lines of hydrogen are shown in Table 1. For each spectrogram the measured 
values were corrected for the radial velocity of the star as determined from the other ab- 
sorption lines of the same plate or of other plates taken at about the same date. Only such 
lines as occur within about 1 A of the center of the hydrogen lines are included in the 
table. Since the total width of the strong hydrogen emission is usually not much greater 
than 1 A, some of the absorption lines may fall on the edge of, or partly outside, the prin- 
cipal emission. 

The intensities in the third column of Table 1 are rough relative estimates made from 
spectrograms where the lines are easily seen. The estimates are greatly influenced by the 
density of the near-by emission. For such lines as are evidently blends the other con- 
tributing line is in the last column. Variations in the intensity of the absorption lines dur- 
ing the cycle of the light-variation are largely masked by the changes in the position and 
strength of the emission lines. The microphotometer curves of Figures 1 and 2 illustrate 
the appearance of the absorption lines within or near some of the hydrogen lines at phases 
before and after maximum. The curves for Hy are at four phases of the same cycle. 

The identifications in the fifth and sixth columns are based chiefly on agreement in 
wave length, the average difference being 0.036 A, or about 3 km/sec in terms of velocity. 
This difference includes the error in determining the velocity of the star and the error in 
the laboratory wave length, as well as the errors of measurement of the particular line in 
the star. The intensities in the seventh column are from the M.J.T. Wavelength Tables. 
Although only about half the 65 identifications pertain to strong or well-known lines, the 
excellent agreement of the wave lengths points to the probability that most of the identi- 
fications are justified. The distribution of the identifications among the elements is quite 
reasonable for a star of low temperature. The number of lines identified for the several 
elements are: Ca, 1; Ti 1, 8; Ti 1, 1; V, 14; Cr, 4; Mn, 1; Fe, 24; Co, 3; Ni, 5; Y, 1; Zr,1; 
Mo, 1; In, 1. The identification of the Jn line \ 4101.764, as suggested by P. W. Merrill 
for U Orionis® and R Leonis,'” is interesting and provides a mechanism by which electrons 
of indium atoms may be raised to the level at which they can emit the line \ 4511.310. 
A search for similar fluorescent effects in other elements was not fruitful. 7 

The 24 Fe lines identified within the bright hydrogen lines show the same correlation 
between displacement and excitation potential as that found by W. S. Adams!" for Fe 
lines in o Ceti and by P. W. Merrill? in U Orionis, R Serpentis, and R Hydrae. The mean 


8 Mt. W. Contr., No. 638; Ap. J., 93, 18, 1941. 

9 Mt. W. Contr., No. 713; Ap. J., 102, 352, 1945. 

10 Mt. W. Contr., No. 720; Ap. J., 103, 285, 1946. 

1 Mt. W. Contr., No. 638; Ap. J., 93, 19, 1941. 

12 Mt. W. Contr., No. 713; Ap. J., 102, 348, 1946; Mt. W. Contr., No. 717; Ap. J., 103, 6, 1946. 
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Fic. 1.—Microphotometer curves of o Ceti, showing the emission lines Ha and H6 at phases before 
and after maximum, and Hy at four different phases of the same cycle. The vertical line indicates the 
undisplaced (laboratory) position of the hydrogen line, and the numbers above are the wave lengths of 
the absorption lines. 
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Fic. 2.—Microphotometer curves of o Ceti showing the emission lines Hf, H9, H10, and H11 at 
phases before and after maximum. The vertical line indicates the undisplaced (laboratory) position of 
the hydrogen line, and the numbers above are the wave lengths of the absorption lines. 
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TABLE 1 
WAVE LENGTHS AND IDENTIFICATION OF ABSORPTION LINES WITHIN 
OR NEAR THE HYDROGEN EMISSION OF o CETI 
| IDENTIFICATION 
Hyprocen MEASURED Int. | | Multi REMARKS 
ment Int 
| No. 
Ha.........| 6561.982 | 2 
41.015 4 2 4341.013 V 60 (5) 
a eee 4100.792 5 5 | 4100.745 | Fe 80 18 
01.358 2 6 01.272 | Fe 40 | 698 
01.784 | 10 42 01.764 | In 2000 1 | Identified by P. W. Merrill 
02.153 2 3 02.159 | V 3 41 
02.347 3 4 02.376 | } 150 7 
te ieee 3887 .969 2 9 3888.020 | Ti 15 175 
88.545 10 42 88.517 | Fe 400 45 | Identified by W. S. Adams 
88.901 1 19 88.825 | Fe 40 | 488 | Identified by W. S. Adams 
BD oewiscco.s 3834.673 1 4 3834.735 | Cr 25 70 
35.183 1 5 $5,185 1 
35.598 2 29 35.560 | V 50 44 
36.055 5 28 36.054 | V 10 44 
[), 3797 .520 2 9 | 3797.517 | Fe 300 | 607 | Identified by W. S. Adams 
97.690 3 46 97.716 | Cr 100 | 139 | Identified by W. S. Adams 
98.381 4 12 98.259 | Mo 1000 1 | 3798.513 Fe 400 (21) 
3769. 730 3 17 3769.736 | Ti 
70.061 1 18 69.995 | Fe 80 | 387 
70.450 10 40 70.405 | Fe 4 177 
71.657 5 30 71.652 | Ti 70 17 
3 * Se 3749. 526 5 16 | 3749.487 | Fe 1000 21 | Identified by C. D. Shane 
50.306 1 2 50.349 | Cr 20 27 
50.786 1 9 50.763 | Mn 60 24 
3733. 336 12 22 3733.319 | Fe 400 5 
34.849 | 10 23 34.867 | Fe 1000 21 | Identified by C. D. Shane 
3721.386 1 6. V 10 11 | 3721.396 Fe 3 (131) 
21.638 it 10 21.632 | Till 60 13 | 3721.606 Fe 6 (437) 
22.016 1 6 21.998 | V 70 91 
22.564 15 20 22.564 | Fe 500 5 | Identified by C. D. Shane 
3711. 340 4 23 | 3711.411 | Fe 50 |} 494 
12.110 1 14 40 84 
3703 .003 2 23 | 3702.942 | Ti 20 |} 132 
03.603 3 28 03.584 | V 200 29 | Identified by C. D. Shane 
04.107 1 10 04.060 | Co 300 aD 
band 
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IDENTIFICATION 
MEAN 
Hyprocen MEASURED INT. No. REMARKS 
LINE PLATES i Multi- 
Ele- M.L.T. 
plet 
ment Int 
No. 
band 
band 
3690.762 1 5 | 3690.730 | Fe 80 | 807 
91.136 1 Unidentified molecular 
band 
band 
| band 
92.263 3 11 3692.225 | V 200 29 
4 3686.040 2 1 3685.998 | Fe 150 | 385 
87.379 12 3 87.458 | Fe 400 21 
3682. 293 2 3 | 3682.226 | Fe 400 | 772 
83.052 5 5 83.047 | Co 200 99 
1 3678 .974 2 3 | 3678.98 | Fe 5 124 
79.861 20 3 79.915 | Fe 500 5 
| Yr 3675.716 3 2 | 3675.700 | V 100 29 
76.352 1 2 76.314 | Fe 200 | 228 
76.631 1 1 76.684 | V 300 115 
77.050 2 1 77.085 | V 
3674.098 12 3 3674.15 Ni 200 32 
Se, ree 3670.814 1 1 3670.810 | Fe 12 133 
71.230 2 1 71.205 | V 100 70 
71.653 5 4 71.672 | Ti 150 19 
| 2) arte 3668 .994 3 1 3668.965 | Ti 100 18 
69.204 3 1 69.241 | Ni 150 2 
69.580 1 2 69.523 | Fe 200 | 291 
70.371 6 1 70.427 | Ni 150 4 
ie re 3667. 105 5 1 3667.252 | Fe 80 | 570 | 3666.944 Fe (46) 
67.747 1 1 67.741 | V 80 114 
68.024 2 1 67.999 | Fe 60 | 438 
3665 .990 1 1 3665.980 | Cr 20 48 
66.176 3 1 66.19 | Cr 12 46 
roe 3664.049 10 1 3664.095 | Ni 300 4 
64.618 3 1 64.537 | Fe 35 | 391 
65.223 2 2 65.142 | V 100 115 
8) ee 3661.931 4 1 3661.951 | Ni 50 16 
| 3661.271 5 | 3661.20 | Ze 18 12 
3660. 558 8 | 3660.631 | Ti 90 18 
Se 3658 .043 8 3 | 3658.097 | Ti 150 19 
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displacement for E.P. 0.53 volts is —0.6 km/sec, based on laboratory wave lengths, 
while for E.P. 2.85 volts it is +2.8 km/sec. This result indicates that the Fe lines within 
the hydrogen emission have the same characteristics as those outside. 

The probable occurrence of the identified lines has also been checked by noting the 
presence in the star’s spectrum of other lines of similar intensity belonging to the same 
multiplets. 

Of the 81 lines measured, only 3 remain unidentified, aside from the lines of Ha, H 17, 
and H 18, which are probably molecular. The lines in Hy, which were first observed in 
1898 by W. W. Campbell and have since been measured on a large number of spectro- 
grams, have, until the present time, defied identification. The failure to trace the origin 
of these best-known features of the Hy emission in Mira Ceti has doubtless delayed the 
acceptance of the hypothesis of absorption by gases of the reversing layer—a hypothesis 
which now seems entirely probable. The individual absorption lines of the 770 bands, 
however, seem to furnish the needed source of absorption for these lines of Hy. Two 
laboratory spectrograms of 770, dispersion 2.7 A/mm, kindly supplied by Dr. R. B. 
King, were measured in the region of Hy. Four 710 band lines have mean wave lengths 
as follows: AX 4340.011, 4340.304, 4340.593, 4340.986. These lines agree well in wave 
length with the 4 lines of Hy, measured in the star. The last line is probably largely due 
to the vanadium line, \ 4341.013. Similar identifications with 770 would doubtless re- 
sult from measures of laboratory plates in the region of Ha and 1/8. A well-marked over- 
lying molecular band whose origin has not yet been traced is responsible for six unidenti- 
fied linesin H 17 and H 18. The stellar lines \ 3696.885 77 20 (177) and X 3697.426 Fe 100 
(389) should be present but seem to be lost in the band structure. 

Wave lengths determined at different phases of the star’s light-variation show no sig- 
nificant correlation with phase, indicating that the changes in the emission strata have 
little effect on the stability of the absorbing layers. On the assumption that there is no 
variation of wave length with phase, the average deviation of a single plate from the 
mean measured wave length of a line is 0.030 A or 2.1 km/sec for the lines at Hy and Hé. 
The high accuracy obtained for the mean wave lengths gives considerable confidence in 
the identifications suggested and proves beyond question that absorption by atoms of 
the reversing layer sufficiently explains the abnormalities of the bright hydrogen lines 
in Mira Ceti and other long-period Me variables. 
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inirared spectra of p Cas (mage 0); 0 CMa, F8 la (image a); and 6? Lyr, M4 III (image c) 


THE INFRARED SPECTRUM OF p CASSIOPEIAE IN 1946 


Puitrp C. KEENAN 
Perkins Observatory 
Received June 17, 1947 


ABSTRACT 


At its minimum of light in 1946 the supergiant p Cas possessed an absorption spectrum which, in the 
infrared as well as in the photographic region, comprised a remarkable mixture of high-excitation lines 
with lines and bands normally found in low-temperature stars of type M. In particular, the infrared 
bands of 770 were as well developed as in an M4 star. 

This peculiar spectrum cannot be described as a superposition of spectra of normal stars. The infrared 
lines of Sit and some of the multiplets of 7i1 are unusually strong, while the lines of Fe 1, which are 
usually enhanced in late-type stars of high luminosity, are weak. Negative radial velocities of the order 
of —50 to —80 km/sec are shown by lines of all elements measured, but there appear to be systematic 
differences between lines of different elements, particularly 77 (—79 km/sec) and Fe (— 56 km/sec). 


The supergiant p Cassiopeiae, which has usually fluctuated in brightness through the 
visual range 4™7-5™1, underwent a deep minimum in 1946. Throughout the year the 
star remained close to 6™0-6™2, and it was not until the spring of 1947 that it rose again 
to approximately its former brightness.’ It was noticed by D. M. Popper?’ that the 
spectrum, which for several years previously had been of class F8 Ia, had correspond- 
ingly undergone radical changes. During the decline to minimum, strong bands of TiO 
and many of the atomic lines characteristic of an M-type star had developed, while the 
features characteristic of the F-type spectrum were weakening. 

In order to study the behavior of the infrared region of the spectrum during the mini- 
mum phase, several plates were taken with the grating spectrograph on the 69-inch 
Perkins reflector. The exposures were made on Eastman I-N plates, and the average dis- 
persion over the range 7300-8700 A is 48 A/mm. Two strong spectrograms, taken with 
exposure times of about 4 hours each, were obtained on September 5 and October 3, re- 
spectively. On these spectrograms the intensities and wave lengths of the lines and bands 
appear identical, and additional weaker plates, obtained on June 15, June 23, and July 8, 
agree in showing that no marked changes in the infrared spectrum took place during the 
summer and fall of 1946. We may therefore speak of a “minimum spectrum” as existing 
during this period. 

The more interesting portions of the infrared region (the portions least distorted by 
telluric bands) are reproduced in Figure 1. The comparison stars are 6 CMa, F8 Ia, 
which in the blue region of its spectrum is known to be very similar to p Cas as the latter 
appeared before it underwent its marked change, and & Lyr, a normal M4 giant, in 
which the TiO bands can be seen to match rather closely those in p Cas. 

It can be seen clearly in the reproduction that throughout the infrared, just as in the 
other spectral regions, the spectrum of p Cas in 1946 comprised an unusual mixture of ab- 
sorption features of high and low excitation. This complexity made the sorting-out of the 
blended lines and bands difficult, and it was only by comparison with matched prints of 
spectra of early- and late-type standard stars that it was possible to identify the contrib- 
uting elements with fair confidence. Also of great help in the task of identification was the 
catalogue of lines in the spectrum of 8 Peg which Mrs. Dorothy Davis Locanthi has pre- 
pared from measurements of Mount Wilson coudé spectrograms.‘ 

1D. M. Popper, Harvard Announcement Card, No. 816, May, 1947. 

* Tbid., No. 752, June, 1946. 3A.J., 52, 129, 1947. 

‘Ap. J., 106, 28, 1947. Iam greatly indebted to Mrs. Locanthi for making several sections of this 
valuable table available in advance of its publication. 
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In Table 1 are listed the lines which were clearly present on both of the best spectro- 
grams of p Cas, No. 1652 (Sept. 5) and No. 1740 (Oct. 3). No systematic displacement of 
the lines between these two dates could be detected, and the tabulated wave lengths and 
line intensities are the means of the measurements from the two plates. The wave lengths 
are reduced to the sun but are not corrected for the radial velocity of p Cas, since there is 
evidence that the Doppler shift in this star varies considerably with the element respon- 
sible for the line. For most of the strong lines in the infrared region the displacements 
range from 1.5 to 2.0 A to the violet of the laboratory positions, which are given in the 
columns for identification. In these columns the figures in parentheses are the multiplet 
numbers as given in the revised edition of A Multiplet Table of Astrophysical Interest. 

Telluric lines have been included in the table only when they contribute to blends in 
which a stellar component is evidently present. The listing of TiO bands is also incom- 
plete, for many of them overlap and are visible only as a weakening of broad strips of the 
continuous spectrum. All features listed in Table 1 are absorption lines or bands. If any 
emission lines are present, they are too weak to be readily recognized. 

The radial velocities derived from the relatively few lines which appear nearly free of 
blending are collected in Table 2. The systematic differences between several of the ele- 
ments are suggestive, but from this small amount of data only the difference between 7i 
(—79 km/sec) and Fe (—56 km/sec) appears clearly established. It is striking that prac- 
tically all the elements show negative radial velocities considerably greater than the 
value of —42.6 + 0.3 km/sec assigned to p Cas in Moore’s catalogue of radial velocities, 

Among the discrepancies in the positions of individual lines the most striking is that 
of Ca 1 8662, which has an apparent velocity shift only half that of the other two lines 
of the infrared triplet, \ 8498 and \ 8542. Since both plates show this effect, it is probably 
real. 

In considering the intensities of lines of different elements, it is natural to split them 
into two groups according to whether they normally appear in the spectrum of an F-type 
supergiant or in an M-type spectrum. It can be seen in Figure 1 that the only stellar fea- 
tures conspicuously present in both comparison stars are the lines of the Ca 1 triplet. We 
accordingly make this division of the material. 


LINES CHARACTERISTIC OF AN F-TYPE SUPERGIANT 


All the features which are strong in the spectrum of 6 CMa are present in that of p Cas 
at minimum, but most of them are considerably weakened. These include the Paschen 
series of hydrogen, the blends of O 1 at \ 7774 and ) 8446, several lines of N 1 near \ 8700, 
and Fett 7712. The single marked exception among the elements is Si. Normally the 
lines of Si 1 reach their maximum near type GO, and in 6 CMa the chief infrared lines— 
dA 7405, 7409, 7416, 7423, 7918, 7932, and 7944 (all arising from levels having excitation 
potentials between 5 and 6 volts)—are either weak or moderately strong. In p Cas at 
minimum these lines, in spite of blending with other metallic lines, are strengthened to 
such a degree that they are more conspicuous than in the spectrum of any other star 
which has been photographed here in the infrared region. The least blended of these 
lines, \ 7944, has been marked on the upper set of exposures in Figure 1, where it appears 
just to the left of the equally strong 77 7949. 


LINES AND BANDS CHARACTERISTIC OF M-TYPE SPECTRA 


The strength of the 7i0 bands in p Cas corresponds to a spectral type close to M4. 
The lines of most of the neutral metals that normally would appear in an M-type spec- 
trum are present also. The only marked peculiarities are shown by the 77 lines, which 
are somewhat stronger than in most M-type stars, and by the Fe lines, which are much 
weaker. If the spectra of p Cas and of 6 Lyr in Figure 1 are compared, the conspicuous 


5C. E. Moore, Princeton Univ. Obs. Contr., No. 20, 1945. 


LINES IN THE MINIMUM SPECTRUM OF p CAS, REGION 7300-8825 A 


TABLE 1 


Measured P Chief Weak 
Wave Length Intensity Contributors | Contributors Remarks 
7342.90... 5 Ti (1) 44.72 Atm 43.95 
> [Ti (97) 57.74 V (117) 56.51 Blen 
Al (11) 61.59 
1362: 103.0505. ; 4n Ti (97) 64.11 Al (11) 62.31 
V (117) 63.16 
2 (1077) 89.42 | 
\(Blon | 55(75) 92.18 | 
7392.5 2 \ ars 
7408.7 f 3n Si (23) 09.11 ) 
\(Bl on Vv) Ni (139) 09. 39) CEM ETE ek Blend 
(tt, 3 Si (22) 16.00 
(Si (23) 23.54 | 
Té (97) 23.17 } 
7430. 89 2 (Zr at 32.69 
| Zr 39.89 | 
7448 8 a 1 {Fe I (73) 49.34 \ _ Blend present in 
\(?) ¥ (25) 50. 32) 6 CMa 
discrepant wave 
length 
(B Peg) 69.95) 
7478.3 1 {(?)Fe (683) p 78.87\ | Both lines — 
n \(@)Fe (266) p 81.74) in sun an B Peg 
a (6 Peg) 83.30) 
7482. 30 3 \La mt (1) 83.48 | wale Probably blend 
2 
7493. 84 wee re 3 \Ti (225) 96. 12 j Fe (33) p 94. 72 Blend 
{Nz (117) 55.60) 
7553. | 2+w \Zr (23) 54. 73 f Blend 
1913.42 2 Ni (156) 74.08 Cb—74. 57 
ir (1) 64.91 
[Atm O, 65.94) luric 
(1) 98.98 
Atm 96.87) lar 
mean for the trip- 
let. 
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TABLE 1—Continued 


Measured I it Chief Weak on 
Wave Length weoieed Contributors | Contributors — 
(re 4w TiO y Rb (1) 00. 23 Probably blend 

7819.5 3n TiO y 20.11 Band head 
Ti (34) 52.74) end wit and 
7850.12..... 3n {Ts 
\TiO head 
[TiO robably blen 
7881.5 3wn B Peg 81.7) with band head 
{TiO y 07.33 Cr (316) 08.30 | 
7907.62.....) Sn (Atm 08.75 | Atm H,008.44; Blend 
| {TiO y | Identification un- 
7912.88.... Is \(2)Fe (12) 12.86/00 
Ni (109) 17. 48 | 
4n Atm H,0 15.64 Cr (316) 17.85 + Blend 
si (57) 18.38 | Atm 77.0 16.80) 
2 St (57) 32.20) 
7931.97.....| on V | Cu (6) 33.13 Blend 
i0 y 
7937.56..... 3 \Fe (1136) 37.17) | Blend 
7942.56....;. 4 St (57) 43.94 Ti (308) 43.93 
{Rb (1) 47.60 
1941 O1......... 4 “TiO 48.60 
Ti (151) 78.88) 
y 88.05 \ 
Peg 92.31 T1i0 y 
1 1B Peg 93.61 Mo 92.55) Blend 
7994.29..... 2 (ke (308) 96. 53 TiO y 95.98 
Fe (1136) 98.97 , 
fAtm 02-03) 
2n Peg 02.52 foo Blend 
8019.8 2n TiO y Atm #H.0 20-21 
Tt (151) 24. 84) 
6025-91... ..; 6w Peg 25.61 Blend 
V (30) 27.36 
Fe (1136) 8046.07) 
Atm 43-45 
$060.8... .... 3n Zr (40) 63.10 Atm 20 60.2 
Ti (151) ) 
8067.31.....)  6w (2)Sm 11 (68) 68.46 
| (Fe (1136) 85.20) | 
{Cu (6) 92.63) 
8091.08..... | 3+ LV (30) 93.51f | Blend 
{V (30) 16.82 | 
Zr (40) 33.00 | | 
| Ti — 31.41 
| Atm H20 31.21 | | 
8181.44...... Na (4) 83.26 Atm 081.85 
8192.96..... 5s Na (4) 94.82 | Atm H.0 93.11 
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TABLE 1—Continued 


Measured Chief | Weak 
Wave Length y Contributors Contributors 
[Mn (unc.) 12.43) | 
8210.89.....| 3 ‘Zr (40) 12.59 | Atm Blend 
Zr (40) 05.94 | 
8308: 6 Ti (33) 07.41 > (?)Sm 11 (69) 05.79 Blend 
Atm H,0 05.09) 
og 6 Ti (33) 34.37 {(2)C (10) 35.19) Mostly 7i, but 
\Atm 20 33.58/ there appears to 
be a line of slight- 
ly longer wave 
length strength- 
ened in 6 CMa 
$362.01 ..... 4 Ti (33) 64.28 62.00 
\Atm H.0 62.30 
8371.56....., In Atm H,0 70-71 Blend 
. Blended wave 
{Ti (33) 82.54\ length of 82.65 
8380. 59 4 \ Ti (33) 82. 82) used for radial 
| velocity 
{Ti (182) 89.5) 
8386.5 | 3nn Blend 
8410.53..... 4 Ti (33) 12.36 | H (P 19) 13.32 
| (Ti (182) 18.05 | 
| (8 Peg, © 20.49) 
8424.51 ea 3+ Ti (33) 26.50 Ti (182) 24.41 
| (Ti (33) 34.98) 
| {H (P18) 37.96\ 
8436.29..... 1 (224) 38.93) Blend 
8445.01.....| 2n O (4) 46.49 Fe (12) p Lab. wave length 
| is mean for the 
doublet 
| {Cr (56) 50.26 | 
8449 6 | Inn \Ti (224) 50. 89) 6.6008 6 Blend 
| 
$455.61... | im | over. Cr (56) 55.24 Blend 
{Ti (182) 67.17) 
8464.65.... | 4wn \H (P17) 67.26) Zr (40) 64.65 Blend 
(F 7) 75 
8470.54..... | 2nn Blend 
(P16) 02.49} 
8503.48..... | 3nn \TiO y 04.9 fo Blend 
‘Fe (60) 14.08 } 
Ti0 y 13.5} 
sa {Ti (182) 18.05) 
8539.60..... 10n Ca mt (2) 42.09 TiO y 41.7 
Ti (150) 48.07) 
ge 2nn Si (45) 56. 64| 
10%, \BlonR B Peg 58.83 Cr (56) 55.54 


(2)V — 91.06 ) 
TiO y 91.1 
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TABLE 1—Continued 


Measured I Chief Weak 
Wave Length Contributors Contributors 
{Fe (339) 11.81) 
8646.7...... 3nn a7} (?)Na (19) 49.6 Wide blend 
8660.76..... 9 Pres 1 (2) 62.14 H (P13) 65.02 
?) Si (55)p 67.40 | 
8666. 3 In \(?)Fe (166)p 67.37) 
{Ti (68) 75.38 
In \Fe (339) 74.75/ Ter Blend 
Fe (60) 88.63) 
8685.74..... 2 (1) 86.13 fo Probably blend 
BAG... In N (1) 03.24 Ni (83) 02.49 
8709.43..... On N (1) 11.69 JBa 1 (5) 10.82 
( \ Fe (1267) 10.29 
N (A) 18.8 \ 
JH (P12) 50.48) 
2 1 74.5 | 
\Bl on RJ [47 (9) 73.91) 
Fe (60) 24.23 ) 


TiO 19.3 | 
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TABLE 2 
RADIAL VELOCITIES FROM RELATIVELY UNBLENDED LINES 


V MEAN V MEAN 
LINE Vr LINE Vy 
(Ku/Sec) (Kw/Sec) (Ku/Sec) (Ku/Sec) 
Ti Cr 
82.2 
73.8 
Fe H 
N 
Si 
—56.4 
Ca 
Na 
— 66.6 —67.5 87.5 (?) 
301 
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weakening of Fe 8387, 8514, and 8686 in contrast to neighboring 77 lines can be easily 
seen. Since these same iron lines, of excitation potential near 2.2 volts, are the ones which 
are usually most enhanced in passing from giants to supergiants of type M,° their weak- 
ening in the supergiant p Cas as compared to a normal M-type giant is in the wrong di- 
rection to be explained as a luminosity effect and should be described as a peculiarity in 
p Cas. 

On the other hand, the lines of the alkali metals of low ionization potential, Na and K, 
which are strong in p Cas, are consistent with their behavior in other highly luminous 


stars of type M, such as uv Cep. 


It can be noticed in Figure 1 that the lines of the triplet of ionized calcium are much 
weaker in p Cas than in either of the comparison stars. Microphotometer tracings show 
that they have about their usual width but are very shallow. This may be due to filling 
of the line centers by incipient emission. There is also another possible explanation. Since 
these Ca 11 lines become very weak in spectra of type later than M4, it might be that in 
p Cas they are actually produced in an atmosphere of considerably lower temperature 
than that corresponding to type M4. In that event we should have to assume that level 
effects or generally increased opacity prevent the 770 band heads from being as conspicu- 
ous as in type M5 or MO. This latter explanation of the Ca 11 weakening seems improb- 
able, however, for in most late M-type stars these lines are narrow and rather deep, in 
marked contrast to their shallowness in p Cas. 

The Perkins spectrograms also furnish some qualitative information about the color 
of p Cas. The exposure times required to obtain the infrared spectrum at minimum cor- 
respond to the infrared index of a giant near type KO. This is not greatly different from 
the color of this star when at its usual brightness and indicates that during the drop of 
minimum the color did not change much, in spite of the great alteration of the line spec- 
trum. Similar conclusions were drawn by Popper from a comparison of the blue and visual 
regions.® 

Although any interpretive discussion of p Cas must be based upon detailed investiga- 
tion of the whole accessible spectral range, the data for the infrared portion do offer a 
few suggestive points which may be worth noting. In the first place, it does not seem 
possible to ascribe the complexity of the minimum spectrum to the superposition of 
spectra of two stars of contrasting type. If that were the case, the star of earlier type 
would dominate the violet region, and the redder star would produce the infrared spec- 
trum. Actually, the blending of features of high and low excitation seems to be much the 
same over the whole range from 4000 to 8700 A, and it appears necessary to conclude 
that a single source is responsible for the entire continuous spectrum. Furthermore, the 
relative intensities of lines of different elements, particularly Si, 77, and Fe, cannot be 
reconciled with any simple mixture of normal spectra. The star has a definitely peculiar 
spectrum, and the evidence for systematic differences in the velocities of different ele 
ments immediately suggests that we have to deal with stratification effects. 


® Keenan and Hynek, A /../J., 101, 57, 1945. 
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THE NEW ECLIPSING VARIABLE BD — 6°2376 


CHANG YUIN 
Harvard College Observatory 
Received May 26, 1947 


ABSTRACT 


The writer has estimated the light-changes of this star on 1415 Harvard patrol plates and has found 
that it is a normal eclipsing system with a fairly constant period of 3.8735833 days. The photographic 
light-curve exhibits a small reflection effect and a secondary minimum, slightly asymmetrical to the 
primary minima. The photographic elements are: Min = 2427562.220 + 3.8735833 E; Max = 9™39; 
Min, = 10"59; Min, = 9™43; the relative elements are: k = 0.35; m1 = 0.30; r2 = 0.11; Le = 0.669; 
j= 78°40’; and y = 18.6. The spectral class of the brighter component is B5 and the computed one 
of the fainter component is F3. The absolute dimensions of the components are: Masses, 3.7 © and 5.9 ©; 
radii 7.1 © and 2.5 ©. Absolute photographic magnitudes are: 0™45 and —0™27. Distance is 1000 


parsecs. 


Dr. Y. C. Chang of Yerkes Observatory announced in a letter of February 26, 1947, 
that the star BD —6°2376 in Monoceros is variable. With Dr. Chang’s permission I have 
observed the star on the large number of Harvard patrol plates taken over a period longer 
than forty-seven years, and I thank him for this opportunity to publish the results. 


e ea 
*b 
@-e 
UX Mon - 
a 


Fic. 1.—Field of BD—6°2376 


TABLE 1 
Comparison Stars Steps | IPg ] Comparison Stars Steps IPg 
9.62 —15 10.84 


The positions of the near-by stars are plotted in Figure 1. The stars a, b, c, and d were 
selected as comparison stars, and the estimates were made in steps. The steps and the 
international photographic magnitude (IPg) of those stars are shown in Table 1. 

The IPg magnitudes were determined from Harvard Observatory Mimeograms for Se- 
lected Area No. 124 (—15°) (C. P. and S. Gaposchkin, Series II, No. 1 [1935]). Each 
photographic magnitude was computed by the formula IPg = 9"8 — 0"074 X steps. 
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The brightness of the star was estimated on 1415 Harvard patrol plates taken between 
October 16, 1898 (JD 2414579.899) and March 18, 1946 (JD 2431898.537) covering a 
period of over forty-seven years. Most of these plates were taken with the 13-inch Cooke 
lens (AC and AM), some with the 3-inch Ross-Fecker lens (RB and RH). 

In Table 2 there are 56 of the 1415 estimates fainter than —6 (steps) or 1024 (IPg), 
The approximate period derived from this table is 


P = 348735833 or P = 092581589 . 
The mean photographic light-curve was drawn as in Figure 2, through 35 normal 


points given in Table 3, columns (1) and (2). All magnitudes outside primary minimum 
have a probable error of +0™033 at maximum. 


TABLE 2 
Steps JD Steps JD Steps JD 
5383 . 666 2423107 .569 8197 .417 
6820. 806 3905 .520 2428491 . 889 
8158. 849 4908. 728 9591 . 895 
8420. 541 5946. 862 0343. 435 
8761. 331 7387 .906 : 1141.400 


In Figure 2 the secondary minimum is slightly asymmetrical to primary minima. The 
type of eclipse is shown to be total, and a slight reflection effect is indicated. The result 
of this effect is shown in Figure 3, in which the ordinates are photographic magnitudes 
and the abscissae are phases. 

The correction for the reflection effect is Am = 0.02 cosy, with which I have recom- 
puted all normal points in Table 3, columns (3) and (4), where ¢g is the phase reduced to 
the middle of the primary minimum (¢o = 0°432) as the zero point. 

The corresponding light-curve is given in Figure 4, in which the crosses indicate the 
computed curve within primary minimum; they are in harmony with the observed one. 

From this rectified light-curve, the following elements are derived: 


Max = 9™39 Min; = 10™59 Am, = 1™20 
Ming = 9.43 Am, = 0.04 
Duration of eclipse, D = 0°13 = 045036 


Duration of total eclipse, d = 0°016 


The method of Scharbe ( Powlkova Bull., 94, 31, 1932), slightly modified by S. Gaposch- 
kin, was used for computing the relative dimensions of the system. The spectral class of 
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the brighter component is classified by Mrs. Mayall on Harvard plates as BS, and that 


of the fainter derived from the difference of their surface brightness is F3. 

The absolute dimensions were computed in accordance with S. Gaposchkin’s formula 
(Harvard Reprint, No. 201, 1940). Tables 4 and 5 give the results. The relative dimen- 
sions for this system are shown in Figure 5. 

9.3 | | | | | | | | | 
9. 7}— 
99-— 
10.3}— 
10.5}— 
Fic. 2.—Light-curve of BD—6°2376 
TABLE 3 
| 
(1) (2) (3) (4) | (5) || (1) (2) | 3) (4) (5) 
Mag+ | | Mag+ 
-0.039...... 9m40 | —0.471 | 9™42 | 58 | +0.438......| 1058 | +0.006 | | 7 
+ .004...... 9.39 .428 9.41 39 OI .446......| 10.49 | .014 | 10.47 9 
040... .... 9.39 . 392 9.41 64 | 10.25 | .022 | 10.23 5 
+ .076...... | 9.38 .356 9.39 63 | .463......} 10.90 | .031 9.88 16 
9.37 .314 9.38 §2 || | 10.53 .044 9.51 13 
9.38 9.38 56 | 10.48 .051 9.46 14 
9.38 213 9.37 63 || | 10.41 .072 9.39 42 
a 9.40 182 9.37 53 | | 10.40 .119 9.38 71 
9.41 142 9.40 44 | 9.41 .165 9.40 62 
+ .327 9.40 105 9.38 62 9.39 .218 9.39 73 
9.41 068 9.39 39 | 9.38 .255 9.38 70 
.047 9.56 10 || 9.38 | 299 9.39 54 
9.75 .038 9.73 11 | 9.39 . 336 9.40 62 
.401.....:} 10:65 .031 | 10.03 14 | .379 9.38 44 
.410......) 10:33 .022 | 10.31 13° | 417 9.40 54 
10.44 | 10.42 11 9.38 9.40 75 
+ .426...... 10.57 .006 | 10.55 4-0.992...... 9.40 | +0.500 9.42 72 
10.61 | —0.000 | 10.59 9 || 
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Fic. 3.—Reflection effect for BD—6°2376 
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Fic. 4.—Light-curve corrected for reflection effect 
TABLE 4 
THE SYSTEM OF BD—6°2376 
Photometric Elements Relative Elements 
Max = 939 Ratio of radii, k = 0.35 
Min, = 10.59 Ratio of surface brightness, y = 18.6 
Ming = 9.43 Inclination of orbit, i = 78°40’ 
D= 0°13 Radius of brighter component, rz = 0.11 
d= 0°016 Radius of fainter component, 7; = 0.30 
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It is interesting to note that our eclipsing variable, according to Dr. Gaposchkin, re- 
sembles the newly discovered eclipsing variable by Baade in the extragalactic nebula 
IC 1613 (No. 31), of which the period is 3.77 days and the spectral class is B5. But this 
system seems brighter, around —2™5 (absolute magnitude [IPg]|), and the secondary 
minimum is deeper. 


TABLE 5 
ABSOLUTE DIMENSIONS 


| B Star F Star Notes 
| 2.500 | 7.110 (1) 
| 5.890 | 3.710 (1) 
Absolute magnitude (IPg). . . | —0"27 | 0m45 (2) 
Apparent magnitude (IPg).. 9.84 | «611.59 


(1) Computed by §. Gaposchkin’s formula. 
(2) Computed by Russell, Dugan, and Stewart’s formula. 


Fic. 5.—Relative dimensions of system 


A further discussion and the spectroscopic orbital elements will, I hope, soon be de- 
rived from Dr. Y. C. Chang’s observations at Yerkes and McDonald observatories. The 
writer is greatly indebted to Dr. S. Gaposchkin for his very friendly aid in this work and 
also to Mrs. Mayall for her spectral classification of the star. 


NOTES 


VELOCITY-CURVE OF BD—6°2376, A NEW ECLIPSING VARIABLE 


On plates taken on December 17, 1946, for photometric measurement of UX Mono- 
cerotis, the brightness of the star BD—6°2376 was found to have a sudden drop of over 
1 mag. Dr. S. Gaposchkin kindly confirmed that its variability had not been announced 
before and suggested that it might be an eclipsing variable. Its light-curve and elements 
have been derived by Dr. Chang Yuin, of Harvard, and published elsewhere in the 
Astrophysical Journal. 


TABLE 1 

Date (U.T.) JD 24322 Phase | (Km/Sec) Date (U.T.) JD 24322 | Phase (Km/Sec) 
1947 Mar.13....| 57.666 | 0.165 | — 49 || 25....| 69.717 | 0.278 | — 2 
SB5761 .448 — 29 |] 26....| 70.699 530 + 4 
16:....4 .955 + 75 .788 + 76 
.216 — 68 .829 +116 
9... + 8 || 1947 Apr. 3....| 78.616 .574 il 
.994 0 4...4 + 24 
.509 + 13 11. 86:638 0.645 + 19 

23....| 67.715 | 0.760 | + 24 || 

PHASE 
4 5 6 7 8 9 0 1 2 3 4 5 6 7 
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Fifteen spectrograms of the eclipsing variable were obtained with the McDonald 
G f/2 spectrograph. Three helium lines, \ 4026, 4387, and 4471 were measured for 
radial velocity, except in the case of a spectrogram taken at light-minimum, where only 
the spectrum of the fainter component is visible. The spectral types of the brighter and 
the fainter components were estimated by Dr. W. W. Morgan as B5 and F2, respectively. 
In general, only the spectrum of the brighter component could be measured. Table 1 
gives the radial velocities. 

The phases here are computed with the period of 3.87358 days as given in the paper 
by Dr. Chang Yuin. When plotted, the velocities show considerable scattering. This is 
not surprising, considering the fact that the spectral lines are diffuse and broad. A 
standard velocity-curve with w = 60°, e = 0.20, seems to give a fair representation of 
the plotted points (Fig. 1). We have therefore the following spectroscopic elements: 


y = +7 km/sec w = 60° 
P =3.8735 days a sini=3,370,000 km 
mi} sin? i 

1 


Introducing the photometric element i = 78°40’, we may reduce the last two quanti- 
ties to 


a = 3,440,000 km , 


I am deeply indebted to Dr. W. A. Hiltner, who took the spectrograms for me. 
Y. C. CHanc* 


YERKES OBSERVATORY 
June 20, 1947 


A NOTE ON THE PERIOD-SPECTRUM RELATION AMONG CEPHEIDS 


The spectral types of eleven of the cepheids listed in Table 1 were determined through- 
out the light-variation by comparing the variables with a sequence of standard super- 
giants belonging to luminosity classes Ia, Id, and II.! Most of the plates were taken with 
the small one-prism spectrograph used in the preparation of the Aélas of Stellar Spectra. 
This spectrograph, attached to the 40-inch refractor, gives a dispersion of 125 A/mm 
at Hy. The remainder were taken with a similar spectrograph, giving about the same 
dispersion, attached to the Yerkes 12-inch refractor. It is found that the general features 
of the cepheid spectra match those of standard supergiants well. The hydrogen lines, as 
pointed out by Struve,? are abnormally strong at maximum, and the cyanogen band near 
\ 4215 is found to be abnormally weak at minimum. 

The spectral types are listed in Table 1 and are plotted in Figure 1 against the 
logarithm of the periods; the italicized magnitudes are photographic. The seven cepheids 
marked with asterisks in the table and plotted on the diagram as squares are those 
studied by Struve,? the open circles and squares refer to the types at maximum light, 
and the filled figures are the types at minimum light. 


* On leave from the Institute of Astronomy, Academia Sinica, Nanking, China. 
' See Morgan, Keenan, and Kellman, An Adlas of Stellar Spectra (Chicago, 1943). 
2 Observatory, 65, 257, 1944. 
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TABLE 1 


SPECTRAL TYPES OF EIGHTEEN CEPHEIDS 


Period Max Spectral Type 
Star | (Days) (M.K.K. System) | 45° 
SU Cas 1.95 0.29 6.05 0.38 F5 I-lI—F7 I-Il 0.1 
2.50 0.40 5.66 0.39 F5.5 I-II—F7 0.15 
} 0.50 6.78 0.60 F6 1b—F9 Ib 0.3 
V386 Cyg 5.24 0.72 10.0 1.0 F5 Ib—G1 Id* 0.6 
0.73 | 3.41 0.72 F5 Ib—G2 Ib 0.7 
Mw Cye....-. 5.96 0.78 10.0 1.0 F8 Ib—GI1 Ib* 0.3 
n Aq... 7.18 0.86 | 3.69 0.71 F6 Ib—G4 Ib | 0.8 
7.86 0.90 10.1 LZ F6Ib—G11b* | 0.5 
Sge... 8.38 0.92 579 1.02 F6 Id 
BZ Cyg 10.14 1.01 fi 0.8 F81bB—GSIb* | 0.7 
10.15 1.01 3.73 F7 Ib—G3 Ib | 0.6 
10.89 1.03 8.64 1.36 | F6 [b-—G6 Ib 1.0 
14.71 10.4 1.9 F5 Ib—G6 Ib* | 1.1 
15.11 1.18 9.7 F8 1b—G8 Ib* | 1.0 
16.39 121 6.53 1.56 Ib—G8 Ib | 1.1 
17.07 1.23 9.0 F8 Ib* 
27.01 1.43 5.80 0.95 F7 Ia-Ib—K1 | 1.4 
BY Wal... 45.13 1.65 8.43 0.90 F7 Ia—(KO) (1.3) 
* These spectral types are given by O. Struve in Observatory, 65, 257, 1944. 
0 05 10 1S LOG P 
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Fic. 1.—Spectral types at maximum (open circles and squares) and minimum phases for cepheids. 


Circles are observations by Code; squares are those by Struve. 
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An examination of the plot shows that the types at maximum light are nearly the 
same for all the cepheids studied and that the progressive lateness of the median spectral 
type with increasing period (the standard period-spectrum relation) is due to the system- 
atic change in type at minimum light. The near-equality of the spectral type at maxi- 
mum light for cepheids of all periods suggests that the unreddened colors obtained at 
maximum should be about the same. For 6 Cephei it is found that the spectrum matches 
a Persei, F5 Ib, at maximum light, and 8 Draconis, G2 Id, at minimum. The variation in 
color type determined by Stebbins? is from cF4 to cG2. However, Stebbins calls a Persei 
cF4. The indication is that the cepheids have the colors of normal supergiants of equiv- 
alent type. The value of the new period-spectrum relation for problems of galactic struc- 
ture and absorption is then clear. It is necessary only to make color observations of 
cepheids at maximum light, assign the normal color of an F6 or F7 supergiant, and then 
determine the color excess. Since the range of maximum spectral types is from F5 to F8 
and the colors are probably those of normal supergiants, the assumed color cannot be in 
error by more than around 0.1 mag. 

ARTHUR D. CoDE 


YERKES OBSERVATORY 
June 26, 1947 


A NOTE ON £6 CEPHEI 


The lines in the spectrum of 8 Canis Majoris are known to show changes in appearance 
and intensity which have a period slightly different from that of the velocity variation.' 
Although 8 Cephei appears to belong to the same class of stars,? no such changes in the 
appearance of the lines have been announced for it. However, since 6 Cephei has not 


TABLE 1 

Plate Date Julian | Plate Date Julian 

No. | 1941] Day* Phaset 1941|  Day* Phaset 

Cd July | 2430+ July | 2430+ 
140......] 16 191. 887 47 . 356 —14.5 19 194.784 62.565 —17.7 
tee 16 191.933 47.599 —19.1 || 156...... 19 194. 831 62.817 + 3.4 
17 192.746 51.866 19 194. 883 63.085 +15.5 
17 192.789 52.092 158s... 19 194.932 63.342 —11.6 
17 192.869 20 195.738 67.576 —20.6 
Lf ent 18 193.732 57.042 +14.7 || 161...... 20 195.791 67.851 +12.4 
ee 18 193.779 57.289 —10.8 || 162...... 20 195.851 68. 166 + 2.6 
18 193.824 54525 —{9,4: || 163.......} 20 195.902 68.434 —19.2 
18 193.869 57.761 20 195.955 68.712 — 4.7 
LS? ee 18 193.915 58.003 +14.8 || 166......] 21 196.819 73.248 — 4.8 
18 193.962 58.250 — 2.5 168....... 196.933 73.846 +11.0 


| 
| 
| 
| 


* For the middle of the exposure. 
+ Counted from the maximum at JD 2430182.866 (July 7, 1941), using the period 0.1904886 day (Smith, A p. J., 98, 82, 1943). 


been studied previously with a dispersion greater than 10 A/mm, it is valuable to ex- 
amine the profiles on plates of the highest dispersion available. For this purpose, plates 
were taken with the coudé spectrograph of the McDonald Observatory by O. Struve in 
July, 1941. These plates, having a dispersion of 3.5 A/mm at Hy, were turned over to 
me for discussion. 

Ap. J., 101, 47, 1945. 

' See, e.g., Underhill, Ap. J., 104, 388, 1946. 

*Struve and Swings, Ap. J., 94, 99, 1941. 


312 NOTES 


A careful visual study of the plates was made to discover a change in the appearance 
of the lines with phase. However, no systematic variation was found, and any change 
which may be present is small enough to be masked completely by photographic effects. 
Figure 1 shows six O 11 lines and Hy at four phases of the velocity variation. The lines 
are always narrower than in 6 Canis Majoris. 

Table 1 gives the radial velocities obtained, and Figure 2 shows these results graphi- 
cally. For the mean curve, the y-velocity is —2.8 km/sec and K is 17 km/sec. These 


cYrcLle S2 
CYCLE 87 @ 
| | 
7 0 il 


Fic. 2.—Velocity-curve of 8 Cephei 


results agree with those obtained by Burke Smith* from plates taken at the Yerkes Ob- 
servatory covering the same time interval. Although, owing to the short period, not more 
than five plates were obtained during any one cycle, in every case the velocities for each 
cycle indicate that a smooth curve would be obtained if more points were available (cf. 
cycle 57). The observed scatter seems to be due to differences in the velocity-curve from 
cycle to cycle, a result also found by Smith.’ Note particularly that, for cycle 52, the am- 
plitude is decidedly smaller than the mean amplitude. A comparison of the velocity- 
curve obtained from Hy and Hé and of that from three He1 lines with the curve ob- 
tained from thirteen lines of O 11 shows no indication of any systematic differences. 


Nancy G. ROMAN 


YERKES OBSERVATORY 
April 30, 1947 


NOTES 


EDITOR’S NOTE 


Referring to note 4 in K. O. Kiepenheuer’s paper (A p. J., 105, 408, 1947), Mr. A. H. Shapley 
has drawn our attention to a paper by J. H. Bartels (Terr. Mag., 51, 181, 1946), where 6R, 
6W, and 6P are defined as deviations “from normals valid for medium solar activity, about 
R= — deviations are all uniformly standardized as to have the same standard deviation 
o = 25.’ 


3 Ap. J., 98, 82, 1943. 
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Fic. 1.—Appearance of lines in 8 Cephei at different phases 
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